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Abstract

The thesis at hand aims to study the de Rham cohomology of smooth surfaces and
present a proof of a duality result, dating from 1895, due to H. Poincaré, namely, the
Poincaré Duality Theorem. We also look into some applications of such duality involving
the Euler-Poincaré characteristic and the signature of compact surfaces, and discuss its
connections to the Hodge decomposition theorem. In order to do so, we develop some
preliminary tools by providing an overview of basic concepts in the language of categories
and functors, homological algebra and differential forms on surfaces in Euclidean spaces.

José Tulio Vinicius Prado Cruz






Resumo

A presente monografia tem por objetivo estudar a cohomologia de de Rham para su-
perficies diferencidveis e apresentar uma prova de um resultado de dualidade, datado
de 1895, devido a H. Poincaré, a saber, o Teorema de Dualidade de Poincaré. Também
examinamos algumas aplicagoes de tal dualidade, que envolvem a caracteristica de Euler-
Poincaré e a assinatura de superficies compactas, e discutimos ainda sua conexao com
o teorema de decomposicao de Hodge. Para isso, desenvolvemos algumas ferramentas
preliminares fornecendo uma visao geral de conceitos bésicos da linguagem de categorias
e functores, algebra homoldgica e formas diferenciais em superficies nos espacos Euclidi-
anos.

José Tulio Vinicius Prado Cruz
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Introduction

J’espere qu’il sera utile a quelques-uns
sans étre nuisible & personne

Discours de la méthode
DESCARTES

The concept of duality is surely ubiquitous in mathematics, yet there is no precise
definition of such term that encompasses all instances in which it is used. One encounters
it while studying the language of sets by learning that the complement of a union is the
intersection of complements, or even during a first course in linear algebra when one
learns that a finite-dimensional vector space is linearly isomorphic to its dual and bi-
dual spaces.

The result chosen to be studied in this thesis possesses a duality nature, namely,
the famous Duality Theorem of H. Poincaré (1854-1912), dating from 1895. However,
the context adressed here is not as broad as the one in which Poincaré was working
at the time. More precisely, we prove (following [7, 12]) his duality result for the de
Rham cohomology of differentiable surfaces in Euclidean spaces (Theorem 3.17), explore
some of its applications and discuss its connection to Hodge theory. In order to do so,
the preliminary key concepts such as cohomology and differentiable surfaces shall be
properly introduced and studied.

Let us dive into an informal description of the key topics to be treated here, so that
it can shed some light on Poincaré’s theorem.

Roughly speaking, a (differentiable) surface of dimension m is a set sitting in some
ambient space R™ (n > m) that locally resembles the Euclidean space R™, in the sense
that it can be “built” by gluing together, with sufficient regularity, pieces of R™. For
instance, considering only spacial coordinates, the Earth (assumed to be a spherical shell)
and its equator are, respectively, surfaces of dimensions 2 and 1 in R3.

Recall from your calculus classes that a (smooth) vector field F : U — R?2, where
U C R? is an open set (which is a 2-dimensional surface in R?), is said to be irrotational
if rot ' = 0 and conservative if there is a function f : U — R such that F' = grad f. Very
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2 Introduction

well, the vector field

—y T

defined on U = R? — {(0,0)} is irrotational, but not conservative, since $q1 F #0.

Now, the linear space of (smooth) vector fields on U has two important linear sub-
spaces, one of which consisting of all irrotational fields and the other of conservative
fields. Additionally, every conservative field is irrotational. Thus, in order to facilitate
the search for irrotational fields on U which are not conservative, we may form a new
vector space (not necessarily finite-dimensional) by declaring that two irrotational fields
are equivalent (or cohomologous) if, and only if, their difference is conservative. This is
in fact an equivalence relation on the space of irrotational fields. The resulting vector
space of cohomology classes

_ {irrotational fields}
~ {conservative fields}

(0.1) H'(U):

is called the 1st de Rham cohomology group of U. Note that H'(U) = {0} if, and only
if, every irrotational field is conservative. Since the vector field F' described above is
irrotational, but not conservative, it follows that H'(U) is non-trivial.

A known result from calculus is that, on simply connected open sets, every irrotational
field is conservative. Thus, even if we couldn’t exhibit the field F' explicitly, the fact that
HY(U) # {0} tells us that U = R? — {(0,0)} is not simply connected, which is fairly
intuitive, since closed paths in U surrounding the origin cannot be contracted to a point
in U without going through the origin.

Going back to (0.1) one may restrict his attention to irrotational and conservative
fields vanishing outside a compact subset of U. The resulting quotient space

HIU) = {irrotational fields with compact support}

~ {conservative fields with compact support}

is called 1st de Rham cohomology group with compact support. (Note that, if U was
a compact set, then every vector field on U would be compactly supported, whence
H'(U) = H(U).)

In this particular case, the Poincaré duality theorem asserts that each cohomology
class of irrotational fields on U corresponds to an unique linear functional on cohomology
classes of compactly supported irrotational fields on U. Put precisely: there is a linear
isomorphism

H'(U) ~ (H: (U))"

More generally, in order to obtain topological information about smooth surfaces,
one introduces the de Rham cohomology, which is a way of assigning to each surface a
sequence of real vector spaces, which are constructed through a similar process as the one
described for H'(U) and H}(U). However, the machinery of differential forms needs to
be developed, since such objects work better in higher dimensions than vector fields. In
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this general context, Poincaré’s theorem states that, if M is an oriented m-dimensional
surface and 0 < r < m, then

H'(M) = (H™"(M))",
where this isomorphism is given by the map
Dy : H' (M) — (HI"(M))",
where
Dylel 3= [ ans
M

for [« € H"(M) and [B] € H*"(M). All of this will be made precise throughout the
text.

The decision to study the Poincaré duality theorem in this thesis was made mainly
because the author was (and still is) interested in studying topics lying at the intersection
of analysis, algebra and topology. Also, it is expected that this work be of use to any
undergraduate student interested in said topics.

The overall prerequisites for reading the monograph at hand are: a solid course in
undergraduate algebra, an undergraduate course in analysis on R”, some basic notions
of general topology and some basic multilinear algebra over finite-dimensional real vector
spaces. The work is structured as follows.

The first two chapters set the algebraic and analytic preliminaries for Chapter 3,
which contains the main results. The first chapter begins with a brief exposition of some
basic notions in the language of categories, e.g., categories, functors and natural trans-
formations. In § 1.2 the cohomology groups and the cohomology functor are introduced.
Finally, the chapter finishes with § 1.3 in which exact sequences are introduced, some
properties of the Hom functor are discussed and important results regarding exact se-
quences and cohomology are proved, e.g., the Mayer-Vietoris Theorem and the Five
Lemma.

The second chapter aims to define differential forms, integration of forms on surfaces
and study the necessary results regarding such concepts. It begins with § 2.1, which
contains the definition of surfaces in Euclidean spaces (with and without boundary),
orientability, homotopy and partitions of unity. Next, § 2.2 introduces differential forms
on surfaces and other concepts surrounding it, e.g., the pullback of forms and the exterior
derivative. Finally, in § 2.3, the integral calculus on surfaces is introduced; some useful
properties of integrals are discussed and Stokes’ Theorem is stated.

The final chapter puts together the subjects developed in the first two chapters in
order to present a proof of the Poincaré duality theorem for smooth surfaces (Theorem
3.17) and discuss some applications involving the Euler-Poincaré characteristic. It starts
off with the definition of the de Rham complex in § 3.1. Some results regarding the de
Rham cohomology are proved, e.g., Poincaré’s Lemma (Theorem 3.3) and the homotopy
invariance property. Next, in § 3.2, the de Rham cohomology with compact support is
introduced and some crucial results regarding such cohomology are discussed. Lastly,
§ 3.3 is entirely devoted to the proof of Poincaré duality, which was broken into several
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lemmas. The chapter ends with a section (§ 3.4) presenting some applications of said
duality.

Appendix A consists of various results used at some point throughout the text. Some
of these results have been proved and some have been stated without a proof.



Chapter 1

Homological Algebra

This chapter begins with a brief introduction to the language of categories, following [14].
Right after, we give an overview of homology and cohomology in a more general setting,
also following [14]. The last section was based on [7, 14| and it deals with exactness
and the Mayer-Vietoris exact sequence. The only prerequisite for this chapter is a basic
course in abstract algebra. Throughout the text, unless otherwise stated, all
rings considered are nonzero commutative rings with identity and no nonzero
divisors. In particular, during this chapter, R denotes such a ring.

1.1. Categories and Functors

Some of the main preliminary notions about categories used throughout the text will be
given during this section. We begin with the concept of category.

A category € consists of

1. a class of objects;

2. for every two objects X and Y, a set Mor(X,Y) (also denoted Morg (X,Y")) of
morphisms, enjoying the following properties:

a) For every ordered triple of objects X,Y, Z of €, there exists a function of
sets assigning to a pair of morphisms f € Mor(X,Y’) and g € Mor(Y, Z) a
morphism gf € Mor(X, Z), called composite morphism.

b) For every object X, there is at least one morphism 1x € Mor(X, X), called
the identity morphism, such that, for every f € Mor(X,Y),

Iyf=f and flx=f.
c) If feMor(X,Y), g€ Mor(Y,Z) and h € Mor(Z, W), then

h(gf) = (hg)f-

O‘!I
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Remark 1.1. Note that in the definition above the term “class” is used instead of “set”.
We will not digress into the difference between classes and sets; this can be found in books
on axiomatic set theory. The bottom line is that not every class is a set, e.g., there is no
set of all sets!, but there is a class of sets.

It is common (and this is what we will do) to specify a category by its objects and
morphisms. For instance, the category of sets and functions of sets; the category groups
and group homomorphisms; the category of R-modules and R-module homomorphisms;
the category of topological spaces and continuous maps.

We usually denote morphisms f € Mor(X,Y") by
FiX—>Y and XLy,

Note that the identity morphism is unique. This follows from b) and c).

We say that a morphism g : ¥ — X isaleft inverseof f : X - Yifgf: X — X isthe
identity morphism 1x. Analogously, a morphism h : Y — X is said to be a right inverse
of f when fh : Y — Y is the identity morphism 1y. In case h and g are, respectively,
right and left inverses of f, we have g = h.

By an inverse morphism of f: X — Y, we mean a morphism f’: Y — X which is a
left and right inverse of f. We say that f is an isomorphism in € (the objects X and Y
are said to be isomorphic in €), and write X & Y, if there exists such a morphism f’.
Note that every morphism f having a left and a right inverse is an isomorphism, since
both inverses coincide. In this case we donoted the (unique) inverse morphism by f~1.

Objects we will frequently deal with are commutative diagrams. A diagram consists
of pictorial concatenations of morphisms in a category representing compositions (when
they make sense) as the one below.

x Jtoy 4y
[
Z w—21sv

A diagram as the one above is said to commute if any two paths in the diagram
chosen to be traversed by means of composition of morphisms, beginning and ending at
the same objects, give the same result. For instance, if the diagram above is commutative,
then igf = jhf.

Let % be a category. A subcategory 2 of € is a category enjoying the following
properties.

1. Objects of Z are also objects of ¥.
2. Morg(X,Y) C Morg(X,Y) whenever X and Y are objects of 2.

3. The composite of two morphisms f € Mory(X,Y) and g € Morgy(Y,Z) in &
equals their composite in %.

LThe existence of such set leads to Russell’s paradox.
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The category of sets and bijections is a subcategory of the category of sets and
functions, but it is not a full subcategory, since not every function is a bijection. If the
equality holds in item 2., we say that Z is a full subcategory of ¥. An example of full
subcategory of the category of sets an functions is the one consisting of finite sets and
functions. Also, the category of abelian groups and homomorphisms is a full subcategory
of the category of groups.

Two useful types of objects in a category are initial and final objects. They help in
the generalization of cartesian products and direct sums to the context of categories.
They are defined as follows.

An object I in a category ¥ is said to be intial in ¥ if for every object X in ¥
there exists only one morphism in Mor(/, X). Any two initial objects in a category are
isomorphic. Indeed, if I and I’ are initial in €, then Mor(1,I) = {17}, Mor(I',I') = {1},
Mor(I,I") = {f} and Mor(I’,I) = {g}. Thus gf = 1; and fg = 1p.

Example 1.2. In the category of commutative rings and ring homomorphisms, Z is
an example of an initial object. During a first course in abstract algebra we learn that,
for every ring R, there exists a unique ring homomorphism from f : Z — R, namely,
f(n) =1r+---+ 1r (n-times).

Similarly, we say that an object F' is final in % if, for every object X, the set
Mor(X, F') is a singleton. Note that any two final objects in a category are isomorphic.

Example 1.3. Singletons are examples of final objects in the category of sets and func-
tions. The subcategory of sets and bijections does not admit intial nor final objects.

Let us fix a family of objects (Y},)ner in a category %’. We then produce a new category
S (Yn)ner whose objects are families of morphisms having the same range (f, : Y, —
Z)ner and whose morphisms from an object (fy, : Y = Z)ner to (f 2 Y — Z')peyr is
a morphism h : Z — Z’ such that hf, = f} for every n € L. The sum (or coproduct) of
the family (Y},)ner is an initial object in . (Y, )ner and is denoted by

Pv..

nel

Bottom line: the sum of (Y,)necr, in € consists of an object @, Y, of ¢ together
with a family of morphisms (ix : Yi — @ Yy )rer (called inclusions) such that, for any
other family (f;, : Yi — Z')ker, there exists an unique morphism h : @Y, — Z’' making
the diagram below commute for each k£ € L.
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Example 1.4. The disjoint union of sets | J,, ¥;, x {n} together with the inclusion maps
ir : y — (y, k) is a coproduct in the category of sets and functions. Also, the directs sum
of R-modules and the direct sum of abelian groups are examples of coproducts. (See [1].)

Remark 1.5. The standard notation for coproducts is [ [ Yy, yet we shall use @ Y;, since
it fits the context better.

In a similar fashion, we produce a new category Z(Y,,)ner whose objects are families
of morphisms having the same domain (g, : Z — Y, )ner and whose morphisms from
an object (gn : Z — Yn)ner to (g9, : Z' — Yyu)ner is a morphism h : Z — Z' such
that g, = g/,h for every n € L. The product of the family (Y, )ner is a final object in
P(Yn)ner, and is denoted by

IR

neL
In other words, the product of (Y,),er in € consists of an object ], ., Y, of &
together with a family of morphisms (p : [[ Yn — Yi)rer (called projections) such that,
for any other family (g : Z’ — Yi)rer, there exists an unique morphism h : Z" — [[Y,
making the diagram below commute for each k € L.

Example 1.6. The cartesian product of sets together with the usual projections is a
product in the category of sets and functions. Also, the direct product of groups and the
direct product of R-modules are examples of products in their respective categories. (See

[1].)

1.1.1. Functors

To conclude this section we define “maps” between categories, called functors.

A covariant functor (resp.contravariant) T between two categories ¢ and 2 consists
of an object function which assings to every object X of € an object T(X) of 2 and
a morphism function assigning to every morphism f : X — Y of ¢ a morphism T'(f) :
T(X)—=T() (resp. T(f) : T(Y) — T'(X)) of Z such that

1. T(1x) = lpx)
2. T(f9) = T(f)T(g) (resp. T(fg) = T(9)(f)).

We say that covariant functors act on morphisms by preserving the arrows and that
contravariant ones act by reversing the arrows.

Example 1.7. Let ¥ be a category. The covariant functor 1¢ assigning each object X
to itself and each morphism f: X — Y to itself is called identity functor.
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Example 1.8. There is covariant functor from the category of groups to the category
of sets which maps each group to its underlying set and each group homomorphism to
its underlying set-function. This functor is called forgetful, since objects and morphisms
lose structure via such correspondence.

Example 1.9. Another useful example is the dualization functor Hom(-, R), which is
a contravariant functor from the category of R-modules to itself. It maps each module
M to its dual module Hom(M, R) and a homomorphism f : M — N to its transpose
homomorphism Hom(f, R) : Hom(N, R) — Hom(M, R). In the context vector spaces, we
usually write E* = Hom(E,R) and f* = Hom(f, R) (or f# depending on the context).

During this chapter, we will deal mostly with Hom(-, R) and the cohomology functor
H (to be defined in next section).

Functors are important tools for finding algebraic invariants since they preserve iso-
morphisms, as shown in the proposition below.

Proposition 1.1. Let T be a covariant (or contravariant) functor from a category € to
a category 9. Then T maps isomorphisms in € to isomorphisms in 9.

Proof. Let T be covariant. If f : X — Y is an isomorphism in %, then T applied
to ff7' =1y and f7'f = 1x yields T(f)T(f™") = lpw) and T(f~)T(f) = 1rx);
respectively. Thus T(f~1) = T(f)~!, which shows that T'(f) is an isomorphism in 2. A
similar argument can be applied to the contravariant case. Q.E.D.

UT:% — % and F: 92 — &, we define the composite functor FT from ¥ — & as
follows:

1. For every object X of ¢, FT(X) = F(T'(X)).
2. For every morphism f € Morg(X,Y), FT(f) = F(T(f)).

The next proposition is easily verified.

Proposition 1.2. The composition of contravariant and covariant functors (resp. co-
variant and contravariant) is a contravariant functor. Similarly, the composition of two
contravariant functors (resp. covariant) is a covariant functor.

Example 1.10. There is covariant functor (- )** = Hom(Hom(-,R), R) on the category
of finite-dimensional real vector spaces which assigns to each vector space F its double
dual E** and to each linear map A : E — F the induced linear map A** : E** — [™**
given by A**(§) = £€A*. This is called the double dual functor.

If functors are maps between categories, we can go further and define maps between
functors, which are called natural transformations.

Let T} and T, be two covariant functors from a category % to a category 2. A
natural transformation ¢ between T7 and T5 consists of a function from the objects of ¥
to morphisms of & which assigns to each object X a morphism ¢(X) : T7(X) — T5(X)
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such that, for every morphism f: X — Y of &, the following diagram commutes:

T
m(x) 2 7y (v)
w(X)l }om
T (X)

TQ(X) — TQ(Y)

Example 1.11. Let % be the category of finite-dimensional real vector spaces. There
is a natrual transformation ¢ between the identity functor 1 (Example 1.7) and the
double dual functor (-)** (Example 1.10) which assigns to each vector space E the map
©(E) : E — E** defined by ¢(E)(v) - £ = &(v) (evaluation at v). Given a linear map
A: E — F, the commutativity of the diagram

E—4 ,F

o(5)] %

follows from the definitions of ¢(E) and A**.

We shall derive an example of a natural transformation between cohomology functors
in § 1.3. (See Lemma 1.16.)

1.2. Cohomology

The key concept in Chapter 3 is that of cohomology group. This section aims to define
such groups and prove some crucial results concerning these groups such as Lemma 1.16
and Theorem 1.17. We begin by defining some graded structures.

A graded R-module M consists of a family of R-modules M, indexed by the integers.?
Elements belonging to the module M, are said to have degree q.

A morphism f : M — N of degree d between graded modules consists of a family
(fg : My — Ngtd)gez of homomorphisms of R-modules. If f: M — N and g : N — P
are morphisms of degree d and d’, respectively, then it follows from the diagram

fq 9q+d
My, —15 Nya 2% Pgia

that the composite morphism ¢f has degree d + d’. Therefore, there is a category of
graded R-modules and morphisms of graded R-modules, with each morphism having
some degree d € Z. This category has a subcategory of graded R-modules and morphisms
of R-modules with fixed degree 0.

2In standard literature, a graded S-module consists of an S-module N, over a graded ring S = @ Sg, which
admits a direct sum decomposition of abelian groups N = @ Ny such that S, Ny C Np44. However, in the sense
of our definition, if we consider R as the result of a gradation R = @@ R, which is nontrivial only in degree 0, we
may view M = (My)qez as a the module @ M, over R = @ Ry.
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A graded module M is said to be finitely generated if each M, is finitely generated
and M, = {0} except for a finite set of indices F' C Z. For a finitely generated graded
R-module, its Fuler-Poincaré characteristic x(M) is defined by

X(M) =Y (=1)try (M),

qeF
where ry(M) = rank(M,). We shall compute the Euler characteristc of specific graded
modules in Chapter 3.

A differential graded R-module consists of a graded R-module M together with a
morphism (of some degree d) 0 : M — M, called differential, such that 9 o 9 = 0, that
is, the composite

8q—d Oq
My—q M, r Mg+td

is the trival homomorphism for every ¢ € Z.

A cochain complex over a ring R is a differential graded R-module whose differential,
called coboundary operator, has degree +1. More explicitly, a cochain complex C* consists
of a family of R-modules (C?),cz together with family of homomorphisms (69 : C?7 —
C971) ez such that the composite

511

Ca-1 o1 %y oatl

is the trival homomorphism; we write C* = (C?,67),cz. The elements of C? are called
the g-cochains of the complex C*. If C? = {0} for all ¢ < 0 the complex is said to be
nonnegative.

For a cochain complex C* we define the group of cocycles to be the graded R-module

Z(C*) = (2(C) = ker 8%)__,,

and the group of coboundaries to be the graded R-module

B(C*) := (BY(C*) =imd™™") _,.
Elements of the group Z9(C*) are called g-cocycles and elements of BY(C*) are called
q-coboundaries.

Note that B(C*) C Z49(C*) for each ¢ € Z, since 6 o 6 = 0. This allows us to define
the cohomology group (over R) of the complex as the graded R-module

H(C*) = (HY(C*) = Z9(C*)/BUCY)) oy

We call H1(C*) the g-th cohomology group (or g-dimensional cohomology group)
of the complex C*. An element [z] € HY(C*) is called gth cohomology class of z €
Z(C*). Two g-cocycles z and 2z’ are said to be cohomologous if they belong to the same
cohomology class; this means they differ by a coboundary.

Let C* be a cochain complex. In case the cohomology module H(C*) is finitely
generated, the numbers b,(C*) = rank(H9(C™)) are called the Betti numbers of C*. In
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Chapter 3, we shall relate, via Poincaré dualilty, Betti numbers of two special examples
of cochain complexs.

By a cochain map (or cochain transformation) between cochain complexes we mean a
morphism of graded R-modules f : C* — C* of degree 0 commuting with the differentials,
that is, commutativity holds in each square

1 i} Catl

fo) =

ca 8, e+l

Therefore, there is a category of cochain complexes (over R) whose objects are cochain
complexes over R and whose morphisms are cochain maps.

Remark 1.12. When it comes cochain maps, the usual notation in the literature is f9
instead of f,. Nevertheless, we will keep using subscripts so that the notation gets lighter
during Chapter 3.

From the commutative rectangle

7, ca O, gatl

fq+1l fql lqul

y 01 00, Catl

we see that, for z € Z9(C*),
0%(fq(2)) = for1(0%(2)) = fo+1(0) =0

and

fo(e) = fo(07H(2)) = 87 (fyra(2))
for ¢ = §971(2) € B4(C*). This means that, for each ¢, the homomorphism f; : C7 — qq
maps g-cocycles of C' to g-cocycles of €' and g-coboundaries of C' to g-coboundaries of C'.
Thus, each f; induces (Theorem A.5) a homomorphism f, : HY(C*) — H9(C*) between

homology groups, given by fi([2]) = [fy(2)] for z € Z9(C*). This shows that a cochain
map f : C* — C* induces a morphism

ffH(C*) — H(CY)
of degree 0 between the respective cohomology groups, where f; = (f*), = f;.

Given two cochain maps f : C* — C* and ¢ : C* — C*, we have (9qfq)" = (99)" (fo)",
whence (gf)* = ¢g*f*. It then follows that there exists a covariant functor, called coho-
mology functor, from the category of cochain complexes over R and cochain maps to the
category of graded R-modules and morphisms of degree 0 which assigns to a cochain
complex C* its homology group H(C*) and to a cochain map f its induced morphism

H(f) = [
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Let C* be a cochain complex. By a subcomplex of C* = (C1,69)4cz we mean a
cochain complex C* = (C1,44) 4ez such that C? C C9, with §9(C?) C C9*! for every g,
and 67 = §%| 5. In this case we write C* C C*.

Example 1.13. If C*,C* C C* are subcomplexes, then the intersections C1n C1 give
rise to a subcomplex of C*, denoted by C* N C*. In case €7 = C1 + C for every ¢, we
write C* = C* + C'*; this is called a decomposition of the cochain complex C*.

If (CJ*) jes is a family of cochain complexes, we define the sum cochain complex € C’;

by setting
(Do) =Dor.

JjeJ JjeJ
Its coboundary operators o, : @,c;C] — Djcy C’gﬂ are given by 0% ((zj)jes) =
(03(25))jes- Using the fact that ;. ; C are coproducts (sums) in the category of R-
modules one shows that € C7 isin fact a coproduct in the category of cochain complexes.
From the definition of 6% it follows that

Zq<@(7;~‘> :@Z%Cj) and Bq(@c;) = @Bq(o}k)a

jeJ jeJ jeJ jeJ

w (@) =Puicy

jeJ jeJ

whence

for every g € Z. Analogously, for products of cochain complexes we have
wi(I[c;) =TI 7).
Je€J Jje€J
Therefore,
H(@c;)=@Hc)) ana H([[c))=T]H(C).
Jj€J JjeJ Jj€J JjeJ

Dual to the notion of cochain complex is that of a chain complex (over R). By
that we mean a differential graded R-module C, = (Cy)4ecz whose differential, called
boundary operator, has degree —1, that is, C, consists of a family of R-modules (Cy)q4ez
together with family of homomorphisms (9, : Cq = Cy—1)4ez such that the composite

Oq+1 0y
Cq+1 > Cq > q—1

is the trival homomorphism. The homology group (over R) of C. is defined as

H(C*) = (Hq(C*) = Zq(C*)/Bq(C*))qEZ )

where Z,(C) = ker 9, is the group of cycles of C, and Z,(Cy) = im 044 is the group
of boundaries of C. The R-module H,(C,) the ¢-th homology group (or g-dimensional
homology group) of the complex C. An element [z] € Hy(C,) is called gth homology
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class of z. Two g-cycles z and 2’ are said to be homologous if they belong to the same
homology class.

We shall encounter, during § 3.4, an example of chain complex in the context of
differential forms.

For chain complexes we have facts analogous to those about cochain complexes stated
above. For instance, chain map between chain complexes is a morphism of graded R-
modules f : C,, — C, of degree 0 commuting with the differentials (in this case boundary
operators). Also, a chain map f : C, — C. induces a morphism of degree 0 at the

homology level. In this case we write f, : H(C\) — H(C), where (f.)q([2]) = [f4(2)].

There exists a covariant functor, called homology functor, from the category of chain
complexes over R and chain maps to the category of graded R-modules and morphisms
of degree 0 which assigns to a chain complex C, its homology group H(C,) and to a
chain map f its induced morphism H(f) = f.

1.3. Exact Sequences

A three-term sequence of R-modules and R-module homomorphisms

o BNy
is said to be exact at C' when im g = ker f. In this case, it follows that f is a injective if,
and only if, g = 0. Also, ¢ is surjective if, and only if, f = 0. Thus, the exactness of

0—sc-—ts¢

is equivalent to the injectivity of f, and the exactness of
C—25C——0
is equivalent to g being onto.

A morphism of degree +1 on a graded R-module (f; : Cq = Cq11)4ez is said to be an
exact sequence if every three-term subsequence of consecutive R-module homomorphisms
is exact at its middle term, i.e., the kernel of each homomorphism coincides with the
image of the preceding one. Note that (co)chain complex is exact if, and only if, its
(co)homology groups are trivial in every dimension.

There is a category of exact sequences of R-modules, with morphisms between exact
sequences (fy : Cy = Cyi1)gez and (gq : Cqy — Cyi1)4ez being another sequence (g :
Cy — Cy)qez such that the diagram commutes:

qul fq
c— Cy1 > Oy P Cgp1 — -
i&oqfl J/‘Pq l‘ﬂcﬁl
A 99-1 A 9q ~
- — Cy > Cy » Cgp1 — =+

Theorem 1.17 describes an important functor from the category of cochain complexes
to the one above.
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Applying the (contravariant) functor Hom(-, R) to a sequence of R-module homo-
morphisms
fa

f Ja—1

C Cq—l > Cq !

» Cgp1 —— -+

one obtains a sequence of duals, namely,

f# fjil f#
- —— Hom(Cyy1, R) —— Hom(Cy, R) *> Hom(Cy—1,R) —— -,

where fjil = Hom(f,, R)® is given by (f;ﬁlgo)(v) = ¢(fq(v)) for v € Cy. Such dualiza-
tions will be useful during § 3.2.

An exact five-term sequence of R-modules and R-module homomorphisms

(1.1) 0—C¢-1voc-230—50

is called a short exact sequence. Note that a short sequence as this one is exact if, and
only if, im f = ker g, f is injective and g is surjective.

Example 1.14. Two useful examples of a short exact sequences of R-modules are those
originating from an R-module homomorphism f : C' = C, namely,

Oerrf%C*f»f(C)HO

and '
0 y im f —— C —"% coker f —— 0,

where coker g = C'/im f.

A short exact sequence of R-modules as the one in (1. 1) is said to be split if g has
a right inverse. In this case, there is an isomorphism C' ~ C @ C. For a proof, see (14,
p. 217].

Example 1.15. In the context of vector spaces (R-modules) every short exact splits;
this fact will prove useful during § 3.1. It follows from a more general fact: every short
exact sequence of R-modules (as the one in (1.1)) splits whenever C is free. Indeed, given
a basis (G )qer, for each i € I we can choose (since g is onto) ¢; € C so that g(¢;) = ¢;.
There exists a unique homomorphism h : C — C such that h(¢;) = ¢;. Thus gh = 14, as
we wanted to show.

Proposition 1.3. Let R be a field. The contravariant functor Hom(-, R) on the category
of R-modules to itself is exact. In particular, if the sequence

C ——C—C
1s exact, then the same holds for the dual sequence

Hom(C, R) —— Hom(C, R) —— Hom(C, R).

3To simplify notation, when we apply Hom(-, R) to an R-module homomorphism f we will write f# instead
of Hom(f, R). We will also write C* = Hom(C, R) whenever it is convenient.
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Proof. When S is an arbitrary ring, the contravariant functor Hom(+, S) on the category
of S-modules is not necessarily exact. However, every short exact sequence of S-modules

0 O —y0o 1,0 y 0,

in which C is a free module, the dual sequence
_ # , -
0 —— Hom(C, S) —L— Hom(C, S) i, Hom(C,S) —— 0,

is exact; see [7, p. 18]. Thus, in the case at hand, Hom(-, R) is exact, since every R-vector
space is a free module.

For the second part of the statement above, we use a more general argument. A
three-term exact sequence of R-modules C' — C' — C' gives rise to commutative diagram

0 0 0
N N S
ker f img
N, N
C > C y C
NS N

im f coker g
. AN . N

0

where each diagonal is a short exact sequence. Thus, if T is an exact contravariant
functor (i.e., preserves short exact sequence and reverses the arrows) on the category of
R-modules to itself, we obtain another commutative diagram

0 0 0
N ~ S
T(coker g) T(im f)
7€) 0 ey 29 (@)
NS pY
T(img) T (ker f)

AN N
0 0

0

where the diagonals are again exact. We then conclude that

Im7T(f) =im(7T(C) — T'(img) — T(C))
=im(T(img) — T(C))
= ker(T'(C) — T'(im f))
= ker(T(C) — T(im f) — T(C))
=kerT(g).
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Therefore, the sequence T(C) — T(C) — T(C) is exact.
Q.ED.

Another useful property of Hom(-, R) is the following.
Proposition 1.4. Let R be a ring. If (Cy)qecr is a family of R-modules, then

Hom (@Cq, R) ~ H Hom(Cy, R) .

geL qeL

Proof. Let i : Ay — € C, be the natural inclusion. It suffices to see that the R-module
homomorphism

¢ : Hom (@Cq, R) — [ Hom(C,. B)

qeL qeL
f — (f o) iq)qeL

is an isomorphism whose inverse homomorphism is

H Hom(Cy, R) —Hom (@ Cy, R)

qeL geL
(fq)qGL'—> f‘EBCqHR
qeL
(¢q)geL — qu(cq)

qeL
Q.E.D.
A short exact sequence of cochain complexes is a five-term sequence of cochain com-
plexes and cochain maps
0 o L or 5, o 0
such that, for each q € Z,

fq 9q

0 C C C 0

is a short exact sequence of R-modules. A morphism between short exact sequences of
cochain complexes is just a commutative diagram of cochain maps

0 s o Lo 2 o > 0

12) b P

0 y B — B* 1 B > 0

There is a category of short exact sequences of cochain complexes. We define three
covariant functors H, H and H from this category to the category of graded R-modules
which assign to each short exact sequence of cochain complexes

0 oL NG ENyol 0
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the graded R-modules H(C*), H(C*) and H(C*), respectively. Following this notation,
we have the result below.

Lemma 1.16. On the category of short exact sequences of cochain complexes

f

S: 0 C* cr 2 O s 0

there is a natural transformation 6* : H — H such that 6*(S) : H(C*) — H(C*)
is a morphism of degree +1 and (6*(S))q[z] = [(fe+1) 1 0%, (2)] € HYC*) for [2] €
H(C*).!

Proof. From the short exact sequence S we have a commutative diagram

0 , Gl Lot a1 90, A > 0
SJ 5{ SQT
0 Go i, ca 9, ¢a s 0

] st ot

~ f 1 gq—1 —
0 y -1 Sy gal Sy et > 0

where each row is a short exact sequence of R-modules. Let z € Z9(C), where zZ = g,4(c)
for some ¢ € C, since g, is surjective. From commutativity we have

9q+1(8%(c)) = 07(gq(c)) = 8(2) = 0,

whence 09(c) € ker g,41. Thus 69(c) = f,+1(¢) for some ¢ € C9+1. Again, commutativity
gives us

0= §71(3%(c)) = 0771 (fg41(8) = for2(877(2)),
and by the injectivity of f,4o, it follows that 69t1(&) = 0. Therefore, é € Z,41(C*) and
¢ = fq_ﬁl(éq(ggl(é))). We then define §*(S) by (6*(5))4[2] = [¢]. Now, to show that this
homomorphism is well defined, let w ~ zZ = g4(c), where w = g,(d) for some d € C1.

This means that g,(d) = g4(c) + 67 () for some @ € C971. Since g,—1 is surjective, we
have % = g,—1(u) for some u € C971. Commutativity then gives

9q(d) = gy(c + 67 (u)) = d— (c+ 67 (u)) € kerg,.
Thus, there exists d € C9 such that fq(d) = d—(c+69 (u)). Applying 67 to this equality,
using d9(c) = fy+1(¢) and commutativity, it follows that
§9(d) = for1(+8%(d)),

where ¢ is the same as above. From this we see that fq_+11(5q(d)) = ¢+ 09(d), that is,
f(;rll(éq(d)) ~ ¢, whence fq;ll(&q(gq_l(w))) ~ ¢, as we wanted. Lastly we show that S —
0*(9S) is a natural trasnformation. Consider a morphism between short exact sequences

“When it is clear from context we write (0%(8))q = 05
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of cochain complexes as shown in (1.2) and label the second short sequence as 7. We
must show that the diagram

H(C*) 2 H(EY)

5(5)] |5

H(C*) 2 H(E")

commutes. Indeed, from the commutativity of (1.2) and the definition of ¢*, it follows
that
(*)q+1(0"(8))ql2] = (2*)g1[f510%9  (2)]
+1fq o1 gq ( )]
'z

(#
=[?
=i q+190q+15 9q )]
[i
[0

q+15 ©q9q ( )]

q+1‘S Jq %Dq( z)]
= (67(T))q(#")ql2],

where ¢ in the fourth and fifith lines denotes the coboundary operator of E*.

Q.E.D.

The lemma above tells us that the connecting morphism ¢* allows one to pass from a
short exact sequence of cochain complexes to a sequence at the cohomology level, namely,

5*_ - f g* _ 5 - *
. L HY(C*) s HY(C*) —— HI(C*) — HITY(C*) —“5

In the next theorem we see that this cohomology sequence is actually exact and that

such correspondence extends to a functor, that is, the cohomology sequence is functorial

on short exact sequences.

Theorem 1.17 (Mayer-Vietoris). There is a covariant functor from the category short
exact sequence of cochain complexes to the category of exact sequences of R-modules
which assings to a short exact sequence

0— o 9,640

the sequence
5* ~ f* % _ 5 _ .
L H(Cr) s HU(CF) —2 HY(CF) —Ls HITL(CF) T

Proof. From the naturality of ¢*, established in Lemma 1.16, it follows that each mor-
phism between short exact sequences of cochain complexes is assigned to a morphism
between the correponding cohomology sequences. Thus, we only need to show that such
a sequence is exact, that is, we must prove exactness at H(C*), H?(C*) and H(C*).
We will do so only at H?(C*). It is easy to see that im g; C ker d;:

03 (g512]) = 65[94(2)] = [£i10%95  (94(2))] = [£i109(2)] = [£1(0)] = [0].
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Now, to show that kerd; C im g}, let [2] € ker 7}, where z € Z(C*), and consider the

commutative diagram in the proof of Lemma 1.16. We have zZ = g4(c) for some ¢ € C?
and [0] = 07[2] = [f__fléqggl(gq(c))], whence f(l__:ldq(c) = 0%(d), where d € C'?. Thus

q
89(c) = fqr10%(d) = 89 f,(d)
implies ¢ — f,(d) € C9. Therefore
8%(c — fo(d)) = 39(c) — 89f,(d) = 69(c) — fu110%(d) =0,

whence ¢ — fo(d) € Z9(C*) and [c — fy(d)] € HY(C*). Finally,

g;[c — fo(d)] = [g4(c) — gqfq(d)] = [gq(c)] = [Z].
Q.E.D.

Lemma 1.16 and Theorem 1.17 have analogues, with obvious modifications, to chain
complexes and homology. (See [14, p. 181].)

Now we present an application of Theorem 1.17; similar applications will be presented
in Chapter 3. Let C* = C* 4 C* be a decomposition (Example 1.13) of a cochain complex
C* = (C1,6%)4¢z. Define chain maps i : C*NC* — C* @ C* and j : C* & C* — C* by

ig(2) = (2,2) and jy(z,w)=2z—w.

For each ¢, the homomorphism i, is clearly injective and j, is surjective. Also, it is
obvious that im(¢) C ker(j). If (z,w) € ker(j), then z = w, whence (z,w) € im(i). We
then obtain a short exact sequence of cochain complexes

0—— C*NC* — s C*pC* —— o s 0

From Theorem 1.17, the resulting exact sequence in cohomology is then

sk

LAY gaOr 0 CF) B HI(CH) @ HI(C) D HI(CF) A g (O Cr) D

This exact sequence is called the Mayer-Vietoris sequence of the decomposition C* =
C* + C*. We have

iglz] = ([2],[z]) and  jg([2], [w]) = [z — w].
From the definition of the natural transformation A* given in Lemma 1.16, it follows
that
Aglzl = [8%(x)] = [0%(y)],
where z =2 —y, € C%, y € C7 and §%(z) = 69(y).

We end this chapter presenting yet another important result to be used later.
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Theorem 1.18 (The Five Lemma). Given a commutative diagram of R-modules and
homomorphisms

as

M M, 25 My —25 My, —225 M,

| | | | |

N; Bs y N, Ba Ns B3 s Ny B2 N,

in which each row is an exact sequence and 1, Y2, Y4 and 75 are isomorphisms, then 7y
s an isomorphism.

Proof. We first prove that 73 is injective. Let x3 € M3 be such that y3(x3) = 0. Then
the commutativity of the diagram above gives us v2(as(z3)) = 0, whence agz(x3) = 0.
Exactness then implies 3 = a4(x4) for some x4 € My. Thus Ba(ya(zs)) = v3(aa(zs)) =
v3(x3) = 0, whence v4(x4) = B5(y5) for some y5 € Ns. Since 75 is surjective, we have
ys = v5(x5) for some x5 € Mj. It follows that v4(x4) = B5(ys) = B5(15(25)) = Ya(as(zs)),
whence x4 = a5(x5). Thus
xr3 = 044(1'4) = 044(045(.%'5)) =0.
Now to see that s is surjective, let y3 € N3. Since 7 is surjective, we have 83(y3) = v2(x2)
for some xo € M,. Commutativity gives 71 (ag(x2)) = Ba(v2(x2)) = B2(Bs(y3)) = 0,
and we see that as(z2) = 0, which implies xo = a3(z3) for some z3 € Ms. Again by
commutativity, we have f3(y3(z3)) = Y2(as(z3)) = v2(x2) = Ps(ys). From this we see
that B3(ys — y3(x3)) = 0, and exactness implies
Y3 — 73(x3) = Ba(ya)
for some y4 € Ny. Note that y4 = v4(x4) for some x4 € My. Since x3 + ag(xy) € Ms, it
follows that
v3(23 + ca(za)) = 3(23) + y3(a(24))

= 73(3) + Ba(ya(24))

= v3(z3) + Ba(ys)

=93

Q.E.D.






Chapter 2

Differential Forms

We begin this chapter introducing the concept of a surface in Euclidean space. Right
after, we define differential forms on surfaces and discuss some of its properties. In the
last section we develop the integral calculus of forms on surfaces. Main references for this
chapter are [6, 8, 11].

2.1. Surfaces in Euclidean spaces

In this section we introduce the concept of surfaces in Euclidean spaces and go through
some other notions regarding such objects. We shall assume basic knowledge of general
topology and real analysis on R™ (e.g. integration and differentiation in the sense of
Fréchet and Stolz). Natural references for such topics are [9, 11].

Before diving into the precise definition of a surface, we need the concept of immer-
sion. By that we mean a differentiable map' f from an open set U C R™ into R such
that, for every point p € U, f/(p) : R™ — R™ is an injective linear map. In this case we
see that m < n by the Rank-Nullity Theorem.

A parametrization (or chart) of class C* and dimension m of a subset X C R is
a homeomorphism ¢ : Vj — X from an open set Vy C R™ which is also an immersion
of class C*. Given a point p € X, an open neighborhood V' C X of p in X is called a
parametrized neighborhood of class C* and dimension m if it admits a parametrization of
class C* and dimension m. In this case, we say that V is a parametrized neighborhood
of p.

With that being said, a differentiable surface of class®> C* and dimension m in R” (or
codimension n —m) is a subset M C R" such that each point p € M has parametrized

1Throughout the text we use the term “map” for a total functional binary relation with values on an arbitrary
set Y (not necessarily a numeric set). The term “function” will be used only in cases where Y is a numeric set,
e.g., Ror C.

2Unless otherwise stated, we consider surfaces of class C1, at least.
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neighborhood of class C* and dimension m (a surface that is C* for each k € N is said
to be C* or smooth).

More explicitly, M can be covered by a collection of open set U C R™ such that each
V = U N M has a parametrization ¢ : Vj — V of class C* and dimension m. Intuitively,
this means that, near each point, M is a copy of the m-dimensional Euclidean space.
Note that even though n can be a very large number, the “position” of a point p € V is
entirely determined by its m coordinates (a1, ..., an) = ¢~ (p).3

@ 7
/ \\\\ /,/'/ Rn
-

By taking restrictions one readily sees that each point in a surface admits arbitrally
small parametrized neighborhoods.

Remark 2.1. Henceforth, surfaces will be considered as topological spaces with the
topology induced by that of the ambient Euclidean space.

A family of C*¥ parametrizations ¢ : Vj — V C M whose images cover M is called
an atlas of class C* for M. The concept of atlas constitutes an essential piece to the
definition of orientability, which will be given later on.

Example 2.2. If U C M is an open set of an m-dimensional surface M C R", then U
an m-dimensional surface belonging the same differentiability class as M. Indeed, given a
point p € U, there exists a parametrization ¢ : Vg — Vof pe V = ANM, where A C R"”
and Vo C R™ are open. Thus p € W C V, where W = ANU is an open set of U. Setting
Wo = ¢ 1(ANU) it follows that ¢ : Wy — W is an m-dimensional parametrization of
W 3 p. In particular, this result holds for parametrized neighborhoods.

Example 2.3. An easy example of a surface® is given by an open set of the n-dimensional
Euclidean space. More precisely, every open set U C R" is a smooth (C*°) n-dimensional
surface (or a surface of codimension 0). Indeed, taking ¢ : U — U to be the identity
map, we see that U is a parametrized neighborhood of class C*° and dimension n to each
point p € U. Actually, every n-dimensional surface of class C' in R is an open set. This
follows directly from the Inverse Mapping Theorem (Theorem A.2) and the fact that
every surface is the union of its parametrized neighborhoods. On the other hand, since
RY = {0}, surfaces of codimension n (dimension 0) in R™ are precisely the discrete sets.

3There is a far more general concept than that of a surface, namely, a smooth manifold. Roughly speaking,
it is a sufficiently good (depending on the context) topological space together with parametrizations such as the
ones defined above in such a way the one can pass “smoothly” between intersecting charts. We usually say that
manifolds are defined intrinsically, since they need not be subsets of some Euclidean space. There is a theorem
due to Hassler Whitney (1907-1989) which states that every smooth manifold can be thought of as a surface in
some Euclidean space. For further details, see [6].

4Note that according our definition the empty set is a surface itself.



2.1. Surfaces in Euclidean spaces 25

Example 2.4. The cartesian product of two surfaces M7 C R™ and My C R™2, where
dim M7 = my and dim My = msy, is a surface of dimension m; + ms. Indeed, given two
parametrizations ¢ : Vo — V C My and ¢ : Wy — W C Mo, the map ¢ : Vo x Wy — V x
W defined by C(ug,v0) = ((uo), 1 (vp)) is a parametrization of class C*¥ and dimension
m1 + me. Thus the product of a finite number of surfaces is still a surface. For instance,
since the unit circle St is a smooth 1-dimensional surface® in R?, we see that the torus
T = St x ... x S! is an n-dimensional in R?".

Example 2.5. A topological space is said to be locally compact if each point lies in a
compact neighborhood. Every surface is a locally compact space. Indeed, given a point
x € M, there exists an open neighborhood V' 3> z and a homeomorphism ¢ : Vo — V,
where V) C R™ is an open set and ¢(a) = x. There is then a closed (compact) ball B
centered at a with B C V{y. Thus the map ¢ restricts to a homeomorphism ¢ : B — ¢(B),
whence ¢(B) C V is compact and x € int p(B), as we wanted to prove.

Example 2.6. A topological space X is said to be locally connected when, given x € X,
each neighborhood U > x contains a connected neighborhood V' > z. The connected
components of a locally connected space are open.® From the fact that each parametriza-
tion ¢ : Vj = V C M is a homeomorphism, one readily sees that every surface is a
locally connected topological space. Therefore, every connected component of a surface
M is an open set of M.

If p: Vj — V C R" is a C* parametrization, the set V might not be open, thus
we cannot state anything for sure on the differentiability of ¢. At any rate, there is the
following important theorem. For a proof see [11, p. 246].

Theorem 2.7. Let M C R"™ be an m-dimensional surface of class C* and f: U — R"™
a CF map (resp. differentiable at a € U), defined on an open set U C RP. If f(U) C V,
where V-C M is the image of a C* parametrization ¢ : Vo — V., then the composite map
oo f:U—R™is also C* (resp. differentiable at a).

Furthermore, for a € U and b= (o' o f)(a),
(¢~ o f)(a) = /()] - f'(a) : R” - R™.

The previous theorem has the following consequences: the definition of tangent space
to a surface at a point, change of coordinates between parametrizations and the gener-
alization of differentiability to maps between surfaces. Let us begin with the first one.

5To see this, use two smooth parametrizations to cover S', one of which is the inverse of stereographic
projection from the north pole and the other is is the inverse of stereographic projection from the south pole.
63ee [9, p. 96].
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Let M C R™ be a surface of class C* and dimension m. We define the tangent space
to M at a point p € M as the m-dimensional linear subspace

T,M =¢'(a) - R" CR",
where ¢ : Vj — V is a C* parametrization of an open neighborhood V' 3 p in M.

One can also define the tangent space T,M as the set of all tangent vectors X' (0),
where X :] —e,e[— M is a differentiable path at 0 with A(0) = p. These two definitions
are in fact equivalent since they define the same set. We skip the details, which can be
found in [11, p. 247].

Since parametrizations are immersions, from the first definition of tangent space it
folllows that each parametrization ¢ : Vy — V' determines a basis for T, M, namely,

dp dp
B,=3-—=¢'(a)-e1,...,—— = ¢(a) - .
{2 a2 = e
Note that a parametrized neighborhood ¢ : Vo — V = U N M of an m-dimensional
surface is an m-dimensional surface that can be covered by a single parametrization,
namely, ¢ : Vyj — V. Therefore, for every x € V', we have

T,V =T,M.

This fact will prove useful in the next section, since it allows one to define the exterior
derivative of forms.

Moreover, if M and N are surfaces of dimensions m and n, respectively, such that
M C N C RP, then
T.M CT,N.

Indeed, let ¢ : Uy — U C N and ¢ : Vj — V C M be parametrizations for neighborhoods
U > x and V 3 x, respectively, such that x = ¢(v) = 9(u). The restriction v : p (U N
V) — UNV is yet another parametrization of UNV 3 z in M. Thus, Theorem 2.7 applied
to = polp-low): v (UNV) = ¢ HUNV) gives 1¥/(u) = ¢'(v) o (¢~ 0 )/ (1).
Therefore, if z = 1’ (u) - ug for some ug € R™, then z = ¢'(v) - v, where vg = (p~! o
¥) (u) - ug € R™. This shows that T,M C T,,N.

As to the second consequence of Theorem 2.7, it says that any two m-dimensinal
parametrizations of the same neighborhood “differ” by a diffeomorphism. This is the
content of the next theorem.

Theorem 2.8. Let ) : Wy — V C R™ be an m-dimensional parametrization of class C*.
A necessary and suficient condition for a C*-map ¢ : Vo — V to be a parametrization of
V is that ¢ = ¢ o &, where & : Vo — Wy is a diffeomorphism of class C*. In particular,
© is an m-dimensional parametrization.

¥ v P
N
oW
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Proof. Clearly the above condition is sufficient. To see that it is also necessary, let
v : Vo — V to be a parametrization of V. It follows from Theorem 2.7 that

E=vtop:V, Wy and € 1l:ploy:Wy— V)

are C* maps, whence C* diffeomorphisms with ¢ = 1) o €.
Q.E.D.

Using this last result, one can make sense of a change of coordinates for points lying
on the intersection of two parametrized neighborhoods. This is what we will do now. Let
w: Vo = Vand ¢ : Wy — W be parametrizations of two neighborhoods VW C M
with VN W # . Given a point p = p(a) = ¢(b) € VN W, we have two bases for T,M,
namely,

B = {32 @ e @)t B0 = {§E 0 0]

In order to determine the change of basis matrix [c;] given by
Oy = 0
— (b
2, (@ = s 0

we apply the chain rule (Theorem A.1) to ¢ = o&, where E = lop: L (VNW) —
Y=YV N W) is a diffeomorphism (by Theorem 2.7) with £(z) = y. We obtain

dp , =0y, 0
%j(a) Zayz(b)axj(a%

whence

Q5 =

oz, (a).
This shows that change of basis matrix from By to B, in T,,M is precisely the jacobian
matrix of £ = Loy at a = ¢ 1(p).

Finally, for the last consequence of Theorem 2.7 we have the definition of differentia-
bility of maps between surfaces.

Let M C R"™ an m-dimensional surface of class C*. A map f : M — R? is said to
be differentiable at a point p € M if there exists a C* parametrization ¢ : Vj — V of a
neighborhood V' 3 p such that the composite map f o ¢ : Vj — R? is differentiable at

a=¢ (p)

M1 Rd

T

This definition does not depend on the choice of parametrized neighborhoods of p. Indeed,
if ¥ : Wy — W is a parametrization of a neighborhood W > p, then by Theorem 2.7 and
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the identity fov = (fop)o (p ' o) we see that f o1 is differentiable at 1»~1(p) if and
only if f o is differentiable at p~!(p).

We say that f € C* (0 < s < k) if for each p € M there exists a C* parametrization
@ : Vo = V of a neighborhood V' > p such that f o € C®. Again, this does not depend
on the chosen neighborhood.

If f: M — R? is differentiable at a point p € M, we define its derivative at p as the
linear map f'(p) : T,M — R% such that

f' () -v=_(fop)(a)- v,

where ¢ is a parametrization of a neighborhood V 2 p, a = ¢~ 1(p) and v = ¢/(a) - vo
This linear map is well defined as it does not depend on the parametrized neighboord.
(See [11, p. 249].)

T,M f'(p)

1(a)l %@

Now, if N C R% is another surface of class C*, we say that a map f : M — N is
differentiable at p € M when the corresponding map’ f : M — R? is differentiable in
the sense defined above.

M N, Rd

Vo

Moreover, we say that f € C* (0 < s < k) when f: M — R% is of class C*.

In case f : M — N is a differentiable bijection such that f~! is differentiable, we say

that f is a diffeomorphism. In this case we say that f is a diffeomorphism of class C* if
fecCk.

Example 2.9. Let M be an m-dimensional smooth surface and ¢ : Vj — V a smooth
parametrization of an open set V' C M. Then ¢ is a smooth diffeomorphism between the
surfaces V5 C R™ and V.

As it was refered above, given a vector v € T,M we have v = X (0), where \ :
| —e,e[— M is a differentiable path at 0 with A(0) = p. Thus for a differentiable map
f: M — R? at p we see that

f'(0)-v=(fop)(a) vo=Dy(fop)a)=((fop)o(p o) (0)=(foN)(0),

"More precisely, i o f : M — R%, where i : N — R is the inclusion.
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that is, f’(p)-v is a tangent vector to the path fol :]—e,¢[— R% at 0, with (fo))(0) =
f(p). From this we conclude that the derivative at a point p € M of amap f: M — N
between surfaces is a linear transformation

f/<p) : TpM — Tf(p)N

Pictorially:

Example 2.10. Let m > 1. The antipodal map A : S™ — S™, given by A(p) = —p, is
smooth map. For p € §™ and a smooth parametrization ¢ : Vo -V C S™ of V 3 p,
with ¢(a) = p and v = ¢/(a) - vo € T, M, we have

A(x)-v=(Aop)(a) vo=(—9)(a) vo=—¢(a) vo = —v.
Thus f'(p) : T,8™ — T_,S™ is just the multiplication by —1. (Note that 7,5™ =

T_,5™ C R™*! since both are the orthogonal complements of  and —z; think about
the case m = 1.)

It follows from Theorem 2.7 that a map f : M — N between C*-surfaces is of class
C* if and only if there exists C*-parametrizations ¢ : V) =V C N and ¢ : Uy — U C M,
p € U, such that f(U) CV and ¢yt o fop: Uy — Vp is of class C*. (See [6, p. 40].)

If f: M — N is differentiable at p € M and g : N — R is differentiable at f(p), then
go f is differentiable at p and (go f) (p) = ¢'(f(p)) - f'(p). This follows from Theorem 2.7
and the chain rule (Theorem A.1) applied to ((go f)o¢)(p) = ((go)o(p~Lo(fop))(p).
Pictorially:

From the above, we see that there exists a category whose objects are surfaces of a
fixed class of differentiability C* and whose morphisms are maps of class C* between
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surfaces. In Chapter 3, we will focus on the category for which k = oo, that is, smooth
surfaces and smooth maps between them.

If f: M — N is a diffeomorphism, then f'(p) : T,M — Tt N is an isomorphism
for each p € M. Therefore, T, M and T,y N have the same dimension as vector spaces,
whence M and N also have the same dimension as surfaces. If, in addition, f € C*,
it follows that fo@ : V — f(V) C N is a C* parametrization f(V), for every C*
parametrization ¢ : Vo — V C M.

Let M and N be surfaces with dimensions m and n respectively. Given a differentiable
map f : M — N we can compute the matrix of its derivative f'(p) : T,M — TrpyN
with respect to bases B,(u) C T, M and By(v) C TN, where ¢ : Up — U > p and
v : Vo = V 2 f(p) are parametrizations such that p = ¢(u) and f(p) = 1 (v). Since
(fop)(u) = (Yo ("o fop))(u)and

7o) (520) =(Fo ) e,

ou;
where e; is the jth canonical vector in R™, the chain rule gives us
O a(f Ao fop)
2.1 ! = e S S i
2 10 (Gew) =2 Z&h S ).

Thus the matrix of the linear map f/(p) is precisely the jacobian matrix of =1 o f o
at u = o 1(p).

2.1.1. Partitions of Unity

Now we shall introduce the concept of partitions of unity on a surface. This will be
necessary to define integral of forms on surfaces in § 2.3.

A family of subsets Ay of a topological space X is said to be locally finite when each
x € X belongs to a neighborhood which intersects finitely many A,’s. If, additionally,
X =JA), we say that (A))xer is a locally finite cover for X.

When it comes to surfaces, locally finite families enjoy the following properties:
i) Every locally finite familiy on a surface is countable. ([11, p. 349])
ii) Compact subsets of a surface intersect only finitely many members of a locally

finite family. ([11, p. 350])

A partition of unity of class C* on a surface (of class C*) consists of a family of C*
functions (&\)aer, &\ : M — R, such that

1. For every A€ L, £, > 0 on M;
2. (suppéy)aer is locally finite on M,;
3. For every x € M, Y &i(x) = 1.

Given a cover A = (A))aer for a surface M, a partition of unity Y &) = 1 is said to
be strictly subordinated to A if supp &y C Ay for every A € L. The next theorem (whose
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proof can be found in [11, p. 351]) tells us that we can always find such partitions of
unity.

Theorem 2.11. Given an open cover A for a surface M of class C*, there exists a
(countable) partition of unity, of class C*, strictly subordinated to A.

In the next chapter, this result will help us define a particular example of short exact
sequence of cochain complexes. Its proof is based on is based on two lemmas, one of
which we state now (to be used in § 3.3).

Lemma 2.12. FEvery surface can be written as a countable union of compact sets K;
such that K; Cint K;11.

The lemma above has a rather important consequence besides Theorem 2.11, namely

Proposition 2.1. Let M be a surface of class C* and B a basis for the topology of M
which is closed under finite intersections. Then M = |J;cn Vi, where each V; is a finite
union of open sets belonging to B such that V; N V; =0 for every j > i+ 2.

Proof. By Lemma 2.12 we have M = UieN K, where each K; is a compact set and
K; Cintps Kiy1. We argue inductively, making use of Borel-Lebesgue.

1. Define Vi = (J A, where K1 C [JA,, is a finite open cover by sets Ay, € B
such that V1 C inty; Ko.

Since Ky — intys K is compact (closed subseteq of a compact space):

2. Set Vo = (J Ay,, where Ky — intpys K1 C |J Ay, is a finite open cover by sets
Ay, € B such that V Cintyr K.

Moreover, K; 1 — intys K; is compact for every ¢ € N. Thus

3. For every ¢ > 3, set V; = J A\, where K; —inty K;—1 C |J Ay, is a finite open
cover by sets Ay, € B, chosen so that V; C intys K;41 and V;N'V,;_9 = 0.

Q.E.D.

The previous proposition will be crucial during the proof of Poincaré duality in § 3.3.
The next one will be useful to compute cohomology groups of the punctured sphere in
§ 3.2. For a proof see [11, p. 348].

Proposition 2.2. Let M be a surface of class C*, p € M and A C M an open set
with p € A. There exists a compactly supported function & : M — [0,1] and open sets
UW CAsuchthatpe U CW,suppE CW and€&=1onU.

2.1.2. Orientation

The concept of orientability is crucial ([11, p. 372]) to the definition of surface inte-
grals, to be defined in § 2.3 below. We introduce it now.
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Given a surface M, two C'' parametrizations ¢ : Vo — V and ¢ : Wy — W on M are
said to be coherent if VN W =@ or VN W # () and jac(¢¥ "L o) > 08 on o1 (V NW).
Setting & = ¢! o ¢, this last condition translates into

I, =, 0 ¢
aT;j(“””) = Z; I (y) o) (z), where det [ o, (x)] >0,

for p=p(z) =¢(y) e VAW and 1 < j < m. In other words, for every p € VN W, the
maps ¢ and 1 determine two positive bases on T, M, where the corresponding change of
basis matrix is precisely the jacobian matrix of the diffeomorphism ¢ ~toy at x = ¢~ 1(p).

Let M be a surface. By a coherent C*-atlas on M we mean an atlas A (of class C¥)
such that any two parametrizations ¢, € A are coherent. In this case A is said to be
mazximal when it is a maximal element with respect to the inclusion relation in the set
of coherent C*-atlases on M. One can pass from a coherent C*-atlas A to a maximal
coherent C*-atlas by including in A all parametrization ¢ such that ¢ and ¢ are coherent
for all ¢ € A.

We say that a surface M of class C¥ is orientable when it admits a coherent C*-atlas.
In this case, there is also a maximal coherent C*-atlas, which is called an orientation.
An oriented surface is an orientable surface on which an oriention A has been chosen;
elements ¢ € A are called positive parametrizations. We will write ¢ > 0 to denote a
positive parametrization.

Example 2.13. The product of two orientable surfaces is also an orientable surface ([11,
p. 256]). Thus, arguing indutively, one verifies that a finete product of orientable surfaces
is yet another orientable surface.

Example 2.14. Surfaces that can be covered by only one parametrization are orientable,
since the singleton consisting of such parametrization is a coherent atlas. Thus, open
subsets U C R™ can be (and will be) regarded as oriented smooth surfaces (U, .A), where
A is the maximal coherent C'*°-atlas originating from the coherent atlas {idy }. (This
will be the case in Example 2.18 below.)

Example 2.15. If U is an open subset of an orientable surface M, then U is an orientable
surface itself. Indeed, choosing a coherent atlas A on M we form a coherent atlas on U
consisting of the restrictions ¢|, -1y of parametrizations ¢ : Vo — V belonging to A.

8We use jac f(z) to denote the function z + det f’(x) (the jacobian of f at ).
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Remark 2.16. In view of the previous example, open sets of an oriented surface M will
always be considered as oriented surfaces with the orientation induced by that of M.

Example 2.17. For m > 1, S™ is an orientable smoooth surface ([11, p.254]). The
4-dimensional S C RS consisting of 2 x 3 matrices of rank 1 is non-orientable. A widely
known example of non-orientable surface is the Mébius strip (Figure 2.17), which can be
obtained from the rectangle [0, 27]x |0, 1[ by identifying the points (0,¢) and (27,1 — t)
for all 0 < t < 1. The Mobius strip can also be defined as smooth surface of codimension
1in R3. (See [11, p. 258-259].)
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Figure 1. The Mobius strip as a surface of codimension 1 in R3. Source:
https://pgfplots.net/moebius-strip/.

If M and N are diffeomorphic surfaces, then M is orientable if and only if N is
orientable. For instance, to see that the orientability of M implies that N is orientable,
one constructs a coherent C*-atlas on N using the composites f o, where ¢ is a positive
parametrization on M. For the converse, the same argument applies with f~1.

Let us fix an orientation A on an orientable surface M. A parametrization £ : Vo — V
is said to be negative whenever jac(p ! o¢&) < 0 on &YV NW), for every ¢ : Wy — W
in A; we write £ < 0. Any two negative parametrizations are coherent, and thus form a
maximal coherent C*-atlas denoted by A*. If we consider M together with the orientation
given by A*, we say that M has the opposite orientation to A; we write —M.

A diffeomorphism f : M — N between oriented surfaces is said to preseve orientation
if fop is positive parametrization on N whenever ¢ is a positive parametrization on M. If
f does not preserve orientation we say that f is an orientation-reversing diffeomorphism.

Example 2.18. Each open subset ]a;, b;[ C R is diffeomorphic to R since f :]a;, b;| = R

given by
f(z) = tanh ™ (M - 1>

is a smooth diffeomorphism whose inverse is
(tanh(x) + 1)([), - ai)
5 .

g(x) =a; +


https://pgfplots.net/moebius-strip/
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If C =TI~ ]ai, bi[ is an open rectangle in R™, we then have a smooth diffeomorphism
F=fix--xfn:C — R™ whose coordinate functions are F; = f; o p;, where p;
denotes the ith projection, that is, Fj(z1,...,zy) = fi(x;). Moreover, F is orientation-
preserving. Indeed, let ¢ : Uy — U C C be a smooth positive parametrization on C.
From the convention established in Example 2.14, we only need to show that

jaC((idRm)_l o(Fop))(x)>0

for x € Up, which is the same as jac(F o p)(x) > 0. Note that jac p(x) > 0 since ¢ and
ide are coherent. Also

m m
a;

jac F(u) = H filus) = H 2(u; — a;)(bi — u;)

=1 i=1

>0,

for every uw € C. Thus jac(F o ¢)(z) = jac F(¢(z)) jacp(xz) > 0. The existence of such
diffeomorphism will be useful during § 3.3.

An oriented smooth surface M is said to be reversible if there exists a smooth
orientation-reversing diffeomorphism f : M — M. In case M does not admit such
diffeomorphisms we say that M is irreversible. In § 3.4 we present an example of an
irreversible surface as an application of Poincaré duality.

Example 2.19. If m is even, then S™ is reversible since the antipodial map (Example
2.10) reverses orientation. For further details, see [11, p. 264].

2.1.3. Homotopy

In order to define homotopy in the context of surfaces, we now give a brief overview
on surfaces with boundary.

Let ¢ : E — R be a nonvanishing linear functional on a real vector space E. A
half-space H C Fis aset H = {z € E; p(x) < 0}. The boundary of H, denoted by 0H,
is the 0H = {z € E; ¢(x) = 0}. Since 0H = fr H %, we have H = int H U 0H. This
means that an open set A of H is either a subset of int H or it intersects the boundary
OH. For an open set A C H, its boundary is A = ANJH.

One can extend the definition of differentiability (in the sense of Fréchet and Stolz)
to maps defined on open sets of some half-space H C R™. A map f : A — R", where
A C H is an open in H, is said to be differentiable (vesp. of class CF, k > 1), if it is
the restriction of a differentiable map (resp. of class C¥) F : U — R™ on an open set
U C R™, where U O X. In this case, all differentiable extensions F' of f have the same
derivative F'(z) : R™ — R", and we set f’(x) to be this common linear map. (See [11,
p. 378].)

This generalization allows one to redefine a parametrization ¢ : V — V C R"
requiring only that Vg be an open set of some half-space in R". Thus, a set M C R" is
said to be an m-dimensional surface with boundary (of class C*) if every point z € M

9The symbol fr X denotes the topological frontier.
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belongs to an open neighborhood V' C M which is the image of a C*-parametrization
v : Vp — V defined on an open set Vj of some half-space in R™.

Let M be an (m + 1)-dimensional surface with boundary. The boundary of M, de-
noted by OM, is defined as the set points € M such that z = p(u) = u € 9y,
whenever ¢ : Uy — U is a Cl'-parametrization of Uy > z. The boundary OM is an
m-dimensional surface (without boundary) having the same differentiability class as M.
(See [11, p. 381].)

Remark 2.20. The definition of surfaces given in § 2.1 corresponds to the case where
OM = (). Whenever we refer to M as “surface” we mean a surface without boundary, in
the sense defined before.

Orientability is defined in the same way for surfaces with boundary, but in this case
the orientation on M induces an orientation on OM. For further details, see [11, p. 384].
Also, differentiability of maps between surfaces with boundary is defined in the same way
as before, the only main difference being that f o ¢ is differentiable in the sense defined
above.

For surfaces with boundary, we usually have similar results and definitons to those
given before. (See [11].) For instance, the product of two surface with boundary is not a
surface with boundary ([11, p. 387]). Nevertheless, if M is a surface and N is a surface
with boundary, then their product M x N is a surface with boundary and

O(M x N)=M x ON .
Also M x N is orientable whenever M and N are orientable. The case of interest here is
the product M x I, where M is a surface and I = [0, 1].

Let M and N be surfaces and I = [0, 1]. Two C*-maps f,g: M — N are said to be
homotopic (or C°-homotopic) if there exists a continuous map H : M x I — N, called
homotopy, such that H(z,0) = f(z) and H(z,1) = g(x); we write

H:f~qg or f~g.
If H € C*, f and g are said to be C*-homotopic. Homotopy of class C* defines an
equivalence relation on the set of C¥ between M and N.(See [11, p. 397].)

A surface M is said to be contractible if the identity map idys : M — M is homotopic
to a constant map on M. If such homotopy is C*, then M is said to be C*-contractible.

The next theorem states two important facts regarding homotopies which will be
useful later on.

Theorem 2.21. The following are true:

1. Every continuous map f : M — N between surfaces of class C* is homotopic to
aCF-map g: M — N.

2. Any two C*-maps f,g: M — N which are homotopic, are also C*-homotopic.

The proof of such facts rely on the existence of tubular neighborhoods of surfaces
and can be seen in [8, 6]. In particular, we have the following
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Proposition 2.3. Every contractible surface of class C* is also C*-contractible.

Let M be a surface. An open cover M = |J o A is said to be simple when every
finite intersection of open sets A, is contractible. Using tubular neighborhoods and con-
vexity arguments it can be shown ([7, p. 37]) that every open cover of a surface can be
refined'” by a simple cover. In particular, from Borel-Lebesgue, we obtain

Proposition 2.4. Fvery compact surface admits a finite simple covering.

This last result tells us that every compact surface is of finite type. By that we mean
a surface which admits a finite simple cover.

More generally, the concept of homotopy (and that of contractible space) is defined
in the same way as above, for topological spaces, except there is no differential structure
in this context, that is, the maps are just continuous. Homotopy is still an equivalence
relation in the set of continuous maps between topological spaces X and Y'; the quotient
by this relation is denoted by [X;Y] and elements therein are denoted by [f] and called
homotopy class of f.

It can be shown ([14, p. 24]) that the composite of homotopic maps is homotopic, that
is, gofo ~ g1f1 whenever fy ~ fi and gg ~ g1. This shows that there exists a category,
called homotopy category, whose objects are topological spaces and whose morphisms are
homotopy classes of continuous maps between topological spaces.

We say that two spaces have the same homotopy type if they are isomorphic in the
homotopy category. Thus X and Y have the same homotopy type if, and only if, we can
find maps f: X - Y and g : Y — X such that fg ~ idy and gf ~ idx. In particular,
homeomorphic spaces have the same homotopy type.

In § 3.1 we describe a functor from the homotopy category of smooth surfaces to the
category of graded R-modules.

Example 2.22. Let p € S™ C R™*! (m > 1) be the north pole. Since the sterographic
projection w : S™ — {p} — R is a homeomorphism, it follows that S™ — {p} and R™
have the same homotopy type.

Example 2.23. Let i : S™ — R™*! be the inclusion map. The unit sphere S™ is
isomorphic to R™*! — {0} in the homotopy category. Indeed, the map f : R™*! — {0} —
S™ as f(z) = z/|z| is such that foi = idsm and H : io f =~ idgm+1_so), Where
H(z,t) = (1 —t)x/|z| + tz.

Example 2.24. If p € S™ (m > 2) is the north pole, the sterographic projection
m:S™ — {p} - R™ maps the south pole ¢ to 0. Thus, it restricts to a homeomorphism
7 S™ —{p,q} — R™ — {0}. Therefore, S™ — {p,q} and R™ — {0} have the same
homotopy type. From the previous example, it follows that S™ — {p,q} has the same
homotopy type S™ L.

104 cover (Ax)aer is refined by another cover (B )uecs when each By, C Ay for some A € L.
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Example 2.25. If Y is a contractible topological space, then X xY and X have the same
homotopy type, for any topological space X. Indeed, there is a homotopy H:YXxI—Y
from a constant map ¢:Y — Y toidy. Wetake f: X XY - X andg: X - X xY
to be f(z,y) = x and g(x) = (x,¢). Thus fog = idx and go f ~ idxxy, where the
homotopy H : (X x Y) x I — X x Y is given by H((z,y),t) = (x, H(y,t)).

To finish up this section, we now state a result to be used in § 3.2. A proof can be
found in [11, p.406].

Proposition 2.5. Let p € A C S™, where A is open in S™. There exists an open set
V C S™ such thatp e V. C A and V is diffeomorphic to R™.

2.2. Differential Forms

In order to define differential forms on surfaces, we assume basic prior knowledge of
multilinear algebra over finite-dimensional real vector spaces. (Natural references are
[11, 10].)

Let M C R"™ be an m-dimensional surface. An r-form on M is a map

(2.2) w: M= ) A(TM)
zeM

which assigns to each point € M an alternating r-linear form w(z) € A,.(T,M).!

Although there might be no concept regarding differentiability involved, it is common to
refer to a map as the one in (2.2) as a differential form of degree r on M.

Now let us fix parametrization ¢ : Uy — U C M of a neighboord U > z, where
x = @(u). As we know, this determines a basis

dp d¢
{(,Ml oo

which in turn, determines a dual basis
{dui(z),...,dup(x)} C (T,M)*.

M}g%M7

The exterior products
dui, () A -+ Aduy, (),
with 1 <i4; < --- <14, < m, constitute a basis for A, (T, M). Therefore, we can write
w(z) = Z Wiy (W) dugy () A -+ Adug, (2) € A (Te M),
1<iy < <ir<m

where
i (1) = (W) (522 (0 0

This means that, relative to each parametrization ¢ : Uy — U, the r-form w deter-
mines (T) functions aj,...;, : Uy — R given by the last equality above, called coordinate
functions with respect to . Also, note that, for each i = 1,...,m, du; is a differential

e shall denote the space of alternating r-linear forms on a vector space E by A, (E).
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1-form on U which assigns to every z € U the 1-linear form du;(z) € (1T,U)* = (T, M)*.
Thus, w can be written as

(2.3) W = E Ay iy dui1 /AN /\duir y
1<i1 << <m,

where du;, A - -+ Adu;, denotes the exterior product of 1-forms du;. The exterior product
a B of a differential r-form « and a differential s-form [ is defined in the obvious way
as the (r + s)-form given by (aap)(z) = a(z) A B(z).

In order to avoid the heavy notation in (2.3), we write
w:ZaIduI or w(x) :Zaj(u)duj,
I I

where the sum is taken over all sets I = {i; < --- < i} C {1,2,...,m}. Most of the
time, we will use the notation dus to represent the r-linear form duz(z), there is no harm
in doing so.

For a point = ¢(u) = (v), with v = (¢~ 0 ¢)(u), lying on the intersection of two
parametrized neighborhoods U NV C M, we have

w(x) =Y as(u)duy = b(v)dvs.
J 1

These coordinate functions satisfy the change of coordinates formula ([11, p. 412])

(2.4) aj(u) =Y jacy; (" o) (u)bi(v),
J

where jac;;(¢~! o ¢)(u) represents the determinant of the submatrix obtained from
the jacobian matrix of ¥~! o ¢ at u by selecting rows and columns with indices in
I'={iy <---<i}and J = {j1 <--- <jr}, respectively.

It follows from the definition above that the sum of two r-forms on an m-dimensional
surface is yet an r-form on the same surface. Also, the product of an r-form by a real
number is an r-form. This means that the set of differential r-forms on an m-dimensional
surface has a natural (real) vector space structure. Note that if 7 > m, then such vector
space is trivial, since A, (T, M) = {0} for every z € M.

The next proposition summarizes some useful properties of the exterior product of
forms. The proof follows from the same properties applied to multilinear forms. (See [10,

p. 53].)
Proposition 2.6. Let o, 3, v and n be differential forms on a surface M such that
dega = degn = r, deg 8 = s and deg~y = t. The exterior product of forms enjoys the
following properties:

1 (anB)ny = an(Bay);

2 (a+m)rB=anB+nnb;

3. canfB=ancp=clanp) forceR;

4. arf=(-1)"pra.
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In case M C R is an n-dimensional surface, we already know that M is an open set
in R" (Example 2.3). This means that we need only one parametrization to cover M,
namely, the identity map. Thus, for every point z € M, A, (T,M) = A,(R™) and the
dual basis is the same, denoted by {dz1,...,dz,} C (R™)*. Therefore, an r-form on M
is a map w : M — A, (R") such that

w(w) =Y ar(z)dz € A (R"),
I

where ay : M — R are functions.

A differential r-form w on an m-dimensional C*-surface M is said to be of class
Ck, for 0 < k < s, if there exists a covering of M by images of C*-parametrizations
¢ : Up — U for which the coordinate functions ay : Uy — R are C* functions; we write
w € C*. Note that the change of coordinates formula above allows r-forms on C*-surface
to have differentiability class, at most, s — 1. If M is smooth (C°), then we say that
w € C™ whenever w € C* for every k.

The set of differential r-forms of class C* on a smooth surface M, denoted by Q" (M),
is closed under addition and scalar multiplication, thus is a linear subspace of the space
of r-forms on M. Note that Q" (M) = {0} for r > m.

Example 2.26. Every vector field F = (Fy,..., F,,) of class C* on an open set U C R™
corresponds to a 1-form wp € C* on U, namely,

m
WEp = Z Fi d.%'i .
=1

Given an r-form w on a surface M, we define its support as'

suppw = clyy({z € M ; w(x) # 0}),

where clj; denotes the topological closure in M. Thus suppw is always a closed set of
M. Throughout the text, we will be mostly interested in differential forms with compact
support, since integrals will only be defined for such forms.

2

Let o and 8 be compactly supported r-forms on a surface M and ¢ € R — {0}. We

have
{a+B8#0} C{a#0tU{B#0} and {ca+#0}={a#0}.

Thus supp(a + ) and supp(ca) are compact sets. Since the support of the zero form is
empty, it follows that the set of compactly supported r-forms is a linear subspace of the
spaces of r-forms on M.

From the above we see that the space of compactly supported differential r-forms of
class C* on M, denoted by QL(M), is a linear subspace of Q" (M).

Let (w;)ier be a family of r-forms of class C* on a surface M. If each point z € M
belongs only to a finite number of supports supp w; then we can define a new r-form by

12We also use the shorter notation {w # 0} instead of {x € M ; w(z) # 0}.
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setting
(25) W = Z Wi .

The definition of w goes as follows. Given x € M, we have x € (,_, suppw;, for some
n € N. Thus, we define

w(x) = Zwis (x).
s=1

Note that it might not be w € C*. Nevertheless, in § 2.3 we shall overcome this
problem.

A differential m-form w on an oriented m-dimensional surface M is said to be positive
if, for every x € M and each positive basis {vi,...,vm} CToM, w(x) - (vi,...,vm) > 0.

Example 2.27. If M is an oriented m-dimensional surface of class C¥, then there exists
a positive m-form v on M of class C*~1, called volume form (see [11, p. 336]). Relative
to a positive C*-parametrization ¢ : Uy — U C M, v is given by

v(z) = gu)dup A - Aduy,

for every = p(u) € U, where g(u) = det(g;;j(u)) and

a5(0) = (). 52 0).

Moreover, orientability of surfaces translates into the existence of nonvanishing con-
tinuous forms as shown by the result whose proof can be seen in [11, p. 339].

Proposition 2.7. Let M be an m-dimensional surface. Then M is orientable if, and
only if, there exists a continuous m-form on M such that w(z) # 0 for every x € M.

2.2.1. Pullback

We will now define the pullback of forms and state some of its properties. It is well
known that a linear map A : £ — F between finite-dimensional vector spaces induces a
map A* : A,.(F) — A,(F) given by

(A*a)(v1 ..., vp) = a(A(v1), ..., A(vy))
for every o € A,(F) and vy ...,v, € F. Now, if f : M — N is a C*-map (k > 1) between

surfaces, for each point x € M there is a linear map f'(x) : ToM — Ty N, which
induces a map

@) An(TeN) = Ap(Tpo) M)
The pullback of r-forms by f is a map
f*=fr:{r-forms on N} — {r-forms on M}

which assings to each r-form w on N an r-form f*w on M given by

(2.6) (frw)(@) = [f'(@)]" - w(f(2)).



2.2. Differential Forms 41

More explicitly,

(frw)(@) - (vi,- . o) = w(f (@) - (f' (@) o1, (@) 0)

for every x € M and vy, ...,v, € T, M. Note that the pullback of a 0-form ¢g: N — R is
just the composition of g o f.

Example 2.28. An important example of pullback is the one given by a parametrization,
since it allows one to remain with the original coordinate functions. More precisely, let
v : Uy — U C M be a parametrization, M C R"™ an m-dimensional surface and w an
r-form on M. Regarding ¢ as a map between surfaces ¢ : Uy — M and writing, for
z =) e,

wlx) =Y ar(u)duy,
i
it can be shown ([11, p. 335]) that
(o)) = 3 ar(u) der
I

for every u = ¢~ !(z) € Uy, where {dx1,...,dz,} C (R™)* denotes the dual basis.

Example 2.29. The inclusion map i : M < N yields yet another useful instance of the
pullback, called the restriction. Given an r-form on N, we write w|y; = i*w. For z € M,
we already know that T, M C T, N. Thus, the definition of i* tells us that (i*w)(x) is the
restriction of the r-linear form w(x) to Ty M X -+ x T M.

Remark 2.30. Dual to the concept of restriction of a form is that of extension. We
are more interested in the zero extension of a compactly support smooth forms; such
extension will be crucial in § 3.2. Let w € QL(U), where U C M is open. From the
fact that w = 0 on the open set U — suppw, we can define a smooth r-form wpy; with
compact support (suppw) by setting wyr = w on U and wyy = 0 on M — U. To check
that wys € C°°, the only parametrized neighborhoods that pose a problem are those
originating from points fr U, but this can be overcome since dist(fr U, suppw) > 0 and
w=0on U — suppw.

The theorem below summararizes some of the important properties of pullbacks.
The first three items follow directly fom the definitions. Item 4. can be proved using the
change of coordinates formula from w to f*w ([11, p. 334]), which in turn can be proved
using (2.6) and (2.1).

Theorem 2.31. Let f : M — N and g : N — P be C*-maps (k > 1), a, 8 r-forms on
N and c € R. Then

L f*(ca+B) =cf*(a) + f*(B);

2. ffanB) = franf*B;

3. (go f)(w) = f(g'w);

4. Ifr > 1, a € C° and f € C°L, with s > 0, then f*a € C%.
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When it comes to compactly supported r-forms, the pullback f* might not preserve
the compactness of suppw, that is, f*w might not have compact support if suppw is
compact ([7, p. 40]). In order for compactness to be preserved, it is necessary to impose
a new condition on f, namely, f must be a proper map. By that we mean a continuous
map f : X — Y between topological spaces such that f~!(K) C X is compact for every
compact set K C Y.

Clearly, the identity map and the composite of proper maps are also proper. There
is then a category whose objects are smooth surfaces and whose morphisms are smooth
proper maps between smooth surfaces.

Remark 2.32. If Y is a locally compact Hausdorff space, then f: X — Y is a proper
map if, and only if, f is a closed map and, for every y € Y, f~1({y}) is compact. From
this characterization we see that the stereographic projection 7 : S™ — {p} - R™ is a
proper map. More generally, homeomorphisms f : X — M are proper whenever M is a
surface (Example 2.5). This will come in handy during § 3.2 and § 3.3.

In case X and Y are metrizable, the property of being proper is equivalent to saying
that, for every sequence (x,)nenN of points z,, € X, the sequence (f(z,))nen has no con-
verging subsequence, whenever the same holds for (z,)nen. In particular, the inclusion
map i : X — Y C R™ is proper.

If X is compact and Y is Hausdorff, then continuous maps f : X — Y are proper,

since compact sets are also closed in Hausdorff spaces and closed sets are compact in
compact spaces.

Now, let f: M — N be a C*'-map (k > 0) and w a compactly supported r-form on
N, where r > 0 and w € C*. If z € M is such f(z) ¢ suppw, then w(f(x)) = 0, whence
(f*w)(x) = 0. Thus

{f*w#0} C f(suppw).
From this, we see that
(2.7) supp f*w = cly ({f*w # 0}) C el (f " (suppw)) = f ' (suppw).
Therefore, supp f*w is compact whenever f is proper.
Remark 2.33. From Theorem 2.31(1) and (4), it follows that the pullback
J7QU(N) = QM)

by a smooth proper map f: M — N between smooth surfaces is a linear map.

2.2.2. Exterior Derivative

We end this section defining the exterior derivative of a differential form and stating
some of its properties. As we shall see in the next chapter, exterior differentiation is of
fundamental importance in extending cohomology to the context of smooth surfaces.

Let M be an m-dimensional surface of class C? and w an r-form on M such that
w € C'. For a paramatrization ¢ : Uy — U C M, relative to which w = > ayduy, there
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exists a differential (r + 1)-form wy,

:Zi?:{duj/\dul'
J

I j=1

on U given by

This (r 4+ 1)-form is independent of the choice of parametrization; see [11, p. 344] for
further details.

The ezterior derivative of w is then defined as the (r+1)-form dw on M which assings
to each x € M the (r + 1)-linear form

(dw)(z) = w;}(x) € A1(ThU) = Ara (T2 M),
where ¢ : Uy — U C M is a parametrization of U > z. Thus, for every z = p(u) € U,

we can write
Ui Oag
x):ZZT )duj ndug .
I j=1

We also use a shorter notation:

= Z dajrnduy ,

I
where
o =3 it
a =

= au]

When there is need to be precise we will write d,w instead of dw.

From the above expression for dw we see that process of passing from w to dw de-
creases the diferentiability class by 1. Thus, for w € C'°°, we have dw € C*°.

Also, note that if w is an m-form on an m-dimensional surface M, then dw = 0, since

A1 (T M) = {0}

Example 2.34. If F = (P, Q) is a smooth vector field on an open subset U C R? and
wp its corresponding 1-form (Example 2.26), then

_[(0Q OP B
dwp = (%_&J) dundv = (rot F) dundv .

Example 2.35. In particular, for a O-form f : M — R™ of class C!, we see that

(2.8) df (x) = M(u) duj .

ou;
j=1 J

where ¢ : Uy — U C M is a parametrization of U 5 z and x = ¢(u). From this, it follows
that f is a constant function whenever M is connected.

The next theorem summarizes the main properties of the exterior derivative. For a
proof, see [11, p. 343].
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Theorem 2.36. Let f : M — N be a C*-map between surfaces, o, B r-forms on N, with
a,Be€C, and c € R. Then

1. d(ca+ B) =cda+dS;

2. If a € C?, then d(da) = 0;

3. d(anrB) =danB+ (—1)48% ndS;

1 4, (ff) = fri(dya).

From the first item above, it follows that the exterior derivative defines, for » > 0, a
linear map

dy Q" (M) — QM) .
Also, since {dw # 0} C {w # 0}, the exterior derivative, restricts to a linear map
dr = QL(M) — QFY(M).

Such linear maps will be crucial during the next chapter (§ 3.1), since they constitute
the coboundary operator of a special cochain complex.

Note that zero extensions of forms (Remark 2.30) commute with exterior derivatives,
that is, if M is a smooth surface and U C M is open in M, then

dr(wnr) = (drw)m

for w € Q"(U). This will be useful in § 3.2.

Let w be an r-form of class C! on a surface M. We say that w is closed when dw = 0.
If there exists an (r — 1)-form on M such that w = da, w is said to be ezact.

From item 4. above we see that a map f € C? between surfaces sends closed forms
to closed forms and exact forms to exact forms.

Also, it follows from item 3. every exact form is closed. Although the converse is not
always true, we shall now see an instance in which it is.

Theorem 2.37. Every closed differential r-form (r > 1) on a contractible surface of
class C? is also exact.

Proof. Suppose first that M C RP? is an m-dimensional surface of class C?. Parametriza-
tions for the m+ 1-dimensional surface M x R are precisely the maps ¢ xidgr : Ug xR —
U xR, where ¢ : Uy - U C M (Uy C R™) are parametrizations of U > z, given by
(o x idr)(u,t) = (¢o(u),t) = (z,t). Thus, representing points of Uy x R € R™*! as
(u,t) = (u1,...,Um,t) and du,+1 = dt, for any r-form w on M x R we can write'?, with

13Note that the hypotesis of M being a C?-surface does not play a role here.
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respect to such a parametrization of U x R 3 (z,1),

t):ZaS(u,t)duS: Z as(u,t)dug + Z as(u,t)dug
S

m+1eS m+1¢S

= (1) ag(u,t)dt ndug + Y a(u,t)duy

1 J
=dta Z(—l)Tﬁch[(u,t)duI + Za](u,t)dUJ
1 J
=dtna(u,t) + B(u,t),

where I = {p; < ... <p,_1} and J = {j; < ... < j,} do not contain the index m + 1.
Such decomposition is unique, because if w = dt Aag + Po is any other decomposition,
then dt A (o — o) + (8 — Bo) = 0, whence dt A (8 — Po) = 0, which implies 5 = [y, from
which we conclude that o = «y.

Let us denote Qj(X), r > 1, as the space of continuous differential r-forms on a
surface X. Very well, the composite map

Ay Qp(M xR) — Q7Y M xR) — Q5 H(M)

cw—)a—Ec[d:LjHZ fo cr(+,t)dt)dzy

is well-defined by the uniqueness of the decomposition of r-forms. Clearly, this map
is linear. Now consider the family of maps i; : M — M x R, where t € R, defined by
it(x) = (x,t). We will show that A, (dyw)+dr—1(A4A,w) = ijw—ijw for every r-form w of
class C' on M x R. Indeed, the decomposition w = dt ra+ 3 gives dw = dt A (—da) +d,
where deg(—da) = r e deg(df) = r + 1. We compute this expression explicitly:

Oag

3 — (u, t)dxp ndur | + Z 8(1‘] (u, t)dug nduy

dw(z,t) = dta (—1)

=dtn | (-1)" Z gal (u, t)dug Adu1+z (u,t)duy
1<kzm,1 Ok

0
+ E ﬁ(u,t)duk nduy ,
1<k<m,J

where I = {p; <...<p—1}eJ ={j1 <...<jr} donot contain the index m + 1. Thus

A(dw)(z) = (—=1)" Z ( i ZZZ (u,t) dt>duk Adur+

1<k<m,I
Lo
+§J: (/0 aat‘](u,t)dt> duy .

(2.9)
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On the other hand,

d(Aw)(z) = (=11 ) 8< /0 1 aI(u,t)dt> dug, ndug

ou
1<k<m, =k

— (—1) Z </01 gal(u,t) dt> dug nduy ,

U
1<k<m,I

since a; € C* on Uy. Note that in the sum A(dw) + d(Aw) the first term in (2.9) cancels
out d(Aw), leaving just the r-form

Z ( ; %C;](u,t) dt) duy = Z(G,J(U, 1) —aj(u,0))duy.

J J

This is precisely the expression for ijw — ijw. Indeed, from the definition of pullback, it
follows that iy(dt) = 0 and

(@) (5w ) = o) (2.0 oo (- w10) )

= as(u,p)

for p = 0,1. Thus, 4; applied to w =} gas(u,t)dus yields

Z;;OJ = ZCLJ(U,p)dUJ )
J

where J = {j1 < ... < j,} does not contain m + 1. Therefore,
Ari1(dyw) + dr—1(Apw) = ijw — iqw,

as we wanted to show.

Next we consider two differentiable maps f,g: M — N, where N is another surface
of class C2. Suppose that f and g are C?-homotopic; let H : M x [0,1] — N be such
homotopy. Using Lemma A.4 we can extend H to a C2-map H : M x R — N defined
by H(z,t) = H(z,&(t)), where £ : R — R (€ € C™) is such that 0 < £ < 1, £(t) = 0 for
t <0and £ =1 for t > 1. Thus, if A, is the linear map defined above, then the map T
given by the composition

ap(N) 5 oM xR) 25 ap (M),

is well-defined. Since H(z,0) = f(z) and H(z,1) = g(x), then f = Hoig and g = Hoiy,
where we take ig and 7; as above. Therefore, f* = ij o H* and ¢g* = ] o H*. Thus, if
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w e W (V), with w € C', then H*w € C" and we have

Tyy1(dvw) + dr 1 (Tyw) = (Apy1 0 H*)(dpw) + dr1((Ar 0 H")w)
= A1 (H* (dpw)) + dpy (A (H*w))
= Aria (A (') + dy 1 (A ()
= if(H*w) — i (H*w)
= (i} o H")w — (i o H")w
=g'w— ffw.
It follows from this equality that if w is a closed r-form on N, then ¢*w— f*w = d,_1(T,w),
whence g*w — f*w is an exact r-form on M. Finally, if M is contractible, then (by

Proposition 2.3) idys is C2-homotopic to a constant map ¢ on M. Thus, taking g = id;
and f = ¢, if w is a closed r-form on M, then g*w — f*w = w is exact.

Q.ED.

2.3. Integration of Forms on Surfaces

We now define the integral of a compactly supported differentiable m-form over an ori-
ented m-dimensional surface. This concept can be further extended to a differential form
whose support is not necessarily compact, but such generalization will not be needed for
our purposes.

Let us fix an oriented m-dimensional surface M of class C'. We begin by defining
the integral over M of a compactly supported continuous m-form w such that suppw is
contained in the image of some positive parametrization ¢ : Uy — U C M. Relative to
@, we can write w(z) = a(u)duy A -+ Aduy, € Ay (T M) for every z = p(u) € U, where
a: Uy — R is a continuous function such that supp(a) = ¢~ *(suppw) (this equality can
be verified directly by the definitons). Then we define the integral of w over M by

Juo= oo

where K C R™ is any compact Jordan-measurable'® set such that supp(a) C K C Uy.

Clearly, this definition does not depend on the chosen compact set K since a is zero
outside its support. Also, the value of the above integral remains the same for any other
choice of positive parametrization (this follows from the change of variables formula; see
[11, p. 333]).

What if supp w is contained in the image of a negative parametrization? Well, to see
what happens, let ¥ : Vj — U C M be a negative parametrization, with suppw C U,
relative to which w(x) = b(v)dvi A -+ Advp, for x = ¢(v) € U. We obtain a new
parametrization ¢ : Uy — U by setting ¢ = ¢o f and Uy = f~1(Vg), where f : R™ — R™

14By a Jordan-measurable set, we mean a set X C R™ whose frontier fr(X) has null Lebesgue measure.
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is a diffeomorphism given by

f(ylu"'ay’m) = (_y17y27"'7ym)'
Note that jac f = —1 on Up. Since

jac(("t o p) = jac(¢" o) jac f > 0
for any positive parametrization ¢ : Wy — W, with W N U # (), it follows that ¢ is a
positive parametrization. From the change of coordinates formula (2.4), we see that
w(z) =jac(h™ o @) (u) b(f(u)) dus A - Aduy = —b(f(u)) dug A - -+ Adupy,

for x = p(u) € U. For a compact Jordan-measurable L C R™ such that ¢ ~!(suppw)
L C Vp, we have a compact Jordan-measurable K = f~1(L) such that p~!(suppw)
K C Up. Thus, Theorem A.3 gives

/Mw:/K—(bof):—/Lb.

Summarizing: the integral over M of a compactly supported continuous m-form w
whose support is contained in the image of a positive or negative parametrization ¢ :
Uy — U C M, relative to which w(z) = a(u)dui A - -+ Adu,, for every x = p(u) € U, is

defined as
/w:z:l:/ a,
M K

where K C R™ is any compact Jordan-measurable set such that supp(a) C K C Uy,
with positive sign if ¢ > 0 and negative sign if ¢ < 0.

-
-

From the discussion above, it follows that the integral of a differential form is a
“signed integral”, in the sense that its signal flips whenever the orientation of the surface
is flipped. More precisely,

(2.10) /_Mw——/Mw.

Let w be an m~form on M and ¢ : Uy — U C M a positive or negative parametriza-
tion, with suppw C U, relative to which w(z) = a(u)duj A --- rndu,, for every z =
e(u) € U. If i : U < M denotes the inclusion, then, relative to ¢, we can write
*w =aduj A -+ Adiyy,. Thus

(2.11) /Mw:/Ui*w

A more general result is

Proposition 2.8. Let (M, A) be an oriented m-dimensional surface of class C*, A C M
an open set, ¢ : Uy — U C A a positive (or negative) parametrization on A and w a
compactly supported continuous m-form on M such that suppw C U. Then

/w:/i*w,
M A

where i : A < M is the inclusion map.
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Proof. We only prove the case where ¢ is positive; the negative case is analogous. Since
A is open in M, it follows that U C M is a parametrized neighborhood in M. Also,
v € A. To see this, let £ : Wy — W C M a parametrization on M belonging to .4 such
that W NV # (. Since ¢ is a positive parametrization on A, we see (Remark 2.16) that
¢ and ¢ = §le-1wna) 1 (W N A) — W N A are coherent parametrizations on A, that
is,
(lop: o (WNANU) = CH{WNAND)

has positive jacobian on ¢ Y (W N ANU). Since WNANU = WNU and the map
ool (WNU) = 1YW NU) coincides with (=% o ¢, the claim follows. Thus, by

(2.11), we see that
/ w—/i*Uw,
M U

where iy : U — M is the inclusion. On the other hand, if j : U — A is the inclusion
map, then i o j = {yy. Since i is proper, supp i*w is compact. From (2.7), we have

suppi*w C i~} (suppw) = suppw C U.
Again, from (2.11), it follows that

/i*w:/j*i*w:/(in)*w:/z"{]w.
A U U U

Before going into definition of integral, we make a small, but important, remark.

Q.E.D.

Remark 2.38. Let (w;)ie; be a family of r-forms of class C* on a surface M. If
(supp w;)ier is locally finite family on M, then w = Y w; € C¥ (cf. 2.5). To see this,
let U > xg be a neighborhood of zy in M. We have U Nsuppw; = 0 except for a finite
set {i1,...,in} C I. Thus

wix) = w,(z)
s=1
forx € U.

Now we extend the definition of integration given above to the case of a compactly
supported continuous m-form w such that suppw is not necessarily contained in the
image of a positive parametrization.

Given a cover by images of positive parametrizations M = |JU; (p; : Uy — U;), we
can choose (Theorem 2.11) a partition of unity > & = 1 of class C' on M which is also
strictly subordinated to the open cover (U;);en, that is, supp & C U; for every i.

Set w; = &w, and let x € U; for some j € N. Since suppw is a compact set and
(supp&;)ien is locally finite, we have suppw Nsupp&; = @ and U; Nsupp&; = () except
for a finite number of indices i. Thus w; = {w = 0 on U; for all but a finitely many .
This shows that (suppw;);en is locally finite.
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Also, note that
sz‘ = Zfiw = wz& =w.

For every ¢ € N, suppw; C U; and suppw; C suppw is a closed subset of the compact
set supp w, therefore suppw; is also compact. Then we define the integral of w over M

by
/Mw - Z:/Mwi'

This definition independs on the chosen partition of unity. Indeed, take ) (; =1 to
be another partition of unity on M, strictly subordinated to an open cover by images of
positive parametrizations M = |JV; and define w} = (jw and w;j = §(jw. We have

Dowi =Y LG =Ew Y G =w.
J J J
Similarly,
w; = Zwij .

1
Now, for every 4,5 € N, suppw;; C U; and suppw;; C Vj. Thus

! z :
/ Wi = Z/ wij € / wj = / Wij
M j M M i M

We then conclude that
— R R /
SRS 5 of TS 3 o) TR oy I

In the next theorem we sum up some of the properties of surface integrals. The first
item tells us that integration of forms is a linear functional on Q. (M). This will come in
handy during Chapter 3.

Theorem 2.39. Let M and N be oriented m-dimensional surfaces of class C', o and 8
compactly supported continuous m-forms on M and w a compactly supported continuous
m-form on N.

1. If ce R, then

/ca+5 _c/a+/5

2. If a« > 0 and there exists x € M such that a(z) > 0, then

/a>0.
M

3. If f : M — N is an orientation-preserving (resp. reversing) diffeomorphism,

then
fromfe (en o)
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4. If AC N is an open set, suppw C A and i : A — N is the inclusion, then

/w:/i*w.
N A

5. The integral of a differential form is a signed integral:

[ a==] a.

Proof. We will only prove the fourth item (item 5. follows from (2.10)). For a proof of the
first three items, see [11]. Let M = | J,, Vi, be an open cover of M by the images of positive
parametrizations ¢y, : Vo, — Vi, relative to which w = ) wy, (finite sum), where each wy, is
a compactly supported continuous m-form on N such that suppwg C ViNsuppw C ViNA.
From M = |J, Vi we obtain a cover for A by parametrized neighborhoods, namely,
A =, Vi N A. Also, note that i*w = ) i*wy,, where each i*wy, is a compactly supported
continuous m-form and supp i*wy, C VixNA (see (2.7)). Thus, from Proposition 2.8 applied
to wy, it follows that

Next we state Stokes’ Theorem and a corollary that will be useful in § 3.3. For a
proof, see [11, p. 391].

Q.E.D.

Theorem 2.40 (Stokes). Let w be a compactly supported m-form of class C' on an
oriented (m+1)-dimensional surface whose boundary OM we endow with the orientation

induced by that of M. Then
/ dw = / w.
M oM

Corollary 2.40.1. The integral of an exact continuous m-form with compact support
on an m-dimensional oriented surface is zero.






Chapter 3

Poincaré Duality

This chapter puts together the topics developed in the first two, with the main goal
being a duality theorem due to H. Poincaré and some of its applications. Main references
are [2, 3, 7, 12, 13]. Exclusively in this chapter, unless otherwise stated, all
surfaces and differential forms are smooth (C).

3.1. de Rham Cohomology

We have already seen that, if M is an m-dimensional surface, exterior differentiation
defines a linear map d, : Q" (M) — Q"1 (M) (r > 0) such that d,;1d, = 0, and Q" (M) =
{0} whenever r > m.

Such facts lead us to definition of the de Rham complex of M. By that, we mean the
cochain complex (over R) Q*(M) = (Q"(M), d,)rez, namely,

di ., dmoy Qm(M)d*m>0*>

S 0 —— QM) % Q)

In this case there is a slight change of notation from the one used in Chapter 1, we
denote Z"(Q*(M)) by Z"(M) and B"(Q*(M)) by B"(M). Also, even though the usual
notation for coboundary operators would require the superscript d”, we will follow [11]
and keep using the subscript notation d, for the exterior derivative (this will not cause
any problems, since most of the times we will omit the subscript when there is no room
for confusion).

The cohomology group of Q*(M) (which is a real vector space) is called de Rham
cohomology group of M and is denoted by

Hyp(M) = (Hjp(M) = Z"(M)/B"(M)), -

Note that in this context, elements of Z"(M) are precisely the closed r-forms on M.
Those belonging to B" (M) are the exact r-forms on M. This means that two closed forms

53
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are cohomologous when their difference is exact. Thus H};, (M) measures the exactness
of closed r-forms on M.

Clearly, H}p(M) = 0 for r < 0 and r > m. Thus, during results and manipulations
involving the cohomology groups H},(M), the ones that matter the most are those
having dimension 0 < r < m.

A more concrete explanation of role played by the de Rham cohomology is as follows.
From basic multivariable calculus we know that, on a simply connected (path-connected
and without “holes”) open set U C R?, a smooth vector field F = (P,Q, R) : U — R? is
conservative if, and only if, rot F' = 0 (irrotational). However, this might not hold if U is
not simply connected, as we can see by taking U = R3 — (z-axis) and

—y T

that is, rot F' = 0 and there is no function f : U — R such that F' = grad f. Equivalently,
wrp = Pdzr 4+ Qdy + Rdz is a closed 1-form on U which is not exact. The de Rham
cohomology group H CllR(U ) measures precisely the extent to which this characterization
of irrotational fields fails. In other words, one searches for “holes” in the space M by
looking for closed forms which are not exact.

Remark 3.1. Henceforth, whenever we write H" (M), keep in mind we mean the rth de
Rham cohomology group H},(M).

Example 3.2. If M is a connected surface, then H(M) ~ R. Indeed, we have B*(M) =
{0} and Example 2.35 shows that

Z9(M)={f: M — R; df =0}
={f: M — R; f is constant} .

Thus H'(M) = Z°(M)/B°(M) ~ Z°(M) =~ R. In particular, if N is a contractible
surface, then H°(M) ~ R, since M is path-connected.

Since H"(M) = {0} whenever closed forms w € Q" (M) are also exact, Theorem 2.37
implies Poincaré’s Lemma.

Theorem 3.3 (Poincaré’s Lemma). For every r > 1 the rth de Rham cohomology group
of a contractible surface is trivial.

Example 3.4. An immediate consequence of Poincaré’s Lemma is that, for » > 1, the
rth de Rham cohomology group of an open star-shaped set in R™ is trivial.

From Theorem 2.36(4), it follows that there exists a contravariant functor, called
pullback, from the category of smooth surfaces and smooth maps to the category of
cochain complexes and cochain maps which assings to a surface M its de Rham complex
and to each smooth map f : M — N its induced cochain map f* : Q*(N) — Q*(M)
given by

=0 (V) = Q' (M))rez -
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Again from Theorem 2.36(4) (and Theorem A.5), it follows that the pullback of r-
forms f, where f : M — N, induces a homomorphism at the cohomology level given
by f}*([w]) = [f}w]. Therefore, the morphism of degree 0 between graded R-modules
H(f) = f** corresponding to f* : Q*(N) — Q*(M) via the cohomology functor is
precisely

H(f) = (f;" - Hgr(N) = Hgp(M))rez -

The composite of the two functors above is a contravariant functor T" from the cate-
gory of smooth surfaces and smooth maps to the category of graded R-modules which as-
signs to each surface its de Rham cohomology group and to each smooth map f : M — N
its induced morphism T'(f) = f** : Hir(N) — Hgr(M). Thus, diffecomorphic surfaces
have isomorphic de Rham cohomology groups. Nevertheless, a stronger result is valid,
namely, de Rham cohomology is homotopy invariant. Put precisely:

Theorem 3.5. There is a contravariant functor from the homotopy category of smooth
surfaces and continuous maps to the category of graded R-modules and morphisms of
degree 0 which assigns to each surface its cohomology group and to a homotopy class [f]
its induced morphism f**.

Proof. Let f : M — N be a continuous map between smooth surfaces. From the fisrt
item in Theorem 2.21, we define a morphism f** : Hyr(N) — Hgr(M) by f** = ¢g**
for some smooth map g : M — N such that f ~ ¢. From the second item in the
same theorem and the argument in the proof of Theorem 2.37 we see that, for any two
homotopic smooth maps £,{ : M — N and w € Z"(N), the difference £w — (fw is
exact. Thus &** = (**. Therefore, f** is well-defined, since, by the transitivity of the
homotopy relation, it independs on the choice of g. Again by transitivity, one sees that
(go f)y™ = f*og*™, and f** = ¢*™* in case f ~ g.

Q.E.D.

Remark 3.6. From now on, to simplify notation, we will write f* instead of f**.

This theorem yields another proof of Poincaré’s Lemma, since contractible spaces
have the same homotopy type as a one-point space ([14, p. 26]).

Example 3.7. Let M and N be surfaces, where IV is contractible. Since M x N and
M have the same homotopy type (Example 2.25), it follows from Theorem 3.5 that
Har(M x N) = Hqr(M).

Example 3.8. From Example 3.2 we see that H°(S') ~ R. Also, it is obvious that
H"(S') = {0} for r > 1. It can be shown ([7, p. 25]) that H!(R? — {0}) ~ R. Thus,
Theorem 3.5 and Example 2.22 imply H'(S') ~ R.

Every surface M admits a decomposition M = U UV, where U and V are open sets
of M. Such decomposition yields a short exact sequence of cochain complexes

0—— QM) Lo oWw)ye o (V) L5 UNV) — 0,
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where
fr(w) = (wlv,wlv) and g, (o, B) = aluny — Blunv -

Using in Theorem 2.36(4), it is easy to verify that f and g are cochain maps. To see
that this sequence is exact, note that it follows immediately from the definitions of f,.
and g, that f, is injective and im f, = ker g, for every r. As to the surjectivity of g,
we take (Theorem 2.11) a partition of unity &; + & strictly subordinated to the cover
M = U UV. Thus supp&; C U and supp& C V. We define, for w € Q"(U NV), two
r-forms wy € Q"(U) and we € Q" (V) by

&w onUNV —&w onUNV
wy = =
"o onU-@WNV) 0 onV—(UNV)

From this, it follows that g(wi,w2) = wilyvny — w2lvny = &w + §iw = w, as we
wanted to show.

Therefore, the short exact sequence above gives rise, via Theorem 1.17, to a long
exact sequence in cohomology

A * * * *
2y gron) s Br oy e HYV) 2 BT U N V) 20 gri ) T

where
fiwl = (wlol, wlv]) and g7 ([a], [8]) = [alvav — Bluav].

As to the connecting homomorphism A} (Lemma 1.16), for w € Z"(U N V), since
gr is onto, we have w = g,(a, 3) for some o € Q"(U) and 8 € Q" (V). Thus 0 = d,w =
(da)|lunv — (dB)|unv. Therefore, A¥[w] = [w'], where o’ € Z"F1(M) is such that |y =
dya and W'|y = d,.B.

The long exact sequence above is called the Mayer-Vietoris sequence associated to
the decomposition M = U U V. It allows one to obtain

Proposition 3.1. If M is a surface of finite type, then Hqr(M) is finitely generated. In
particular, the same holds for every compact surface M.

Proof. Let M be a surface of finite type. We argue by induction on n, the cardinality of
the finite simple cover, in order to show that each H" (M) is finite dimensional. The case
n = 1 follows from Example 3.2 and Poincaré’s Lemma (Theorem 3.3). Now suppose
the result holds for some n € N and let M = UZLI Ui be a finite simple cover. Set
V = Up_, Uk so that M = V U Upqi. The surface V N Uypyq is of finite type, since
VN Unt1 = Up_1(Ux NUpy1) is a finite simple cover. Thus, by the induction hypothesis,
Hyr(V NU,y1) is finitely generated. The Mayer-Vietoris sequence of the decomposition
contains an exact three-term sequence

I BTV @ H (Unyn)

A*
HYV N Upy1) — H' (M)
The second morphism yields a short exact sequence

0 — kerff —— H" (M) — im ff —— 0,
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which splits (Example 1.15). Thus H" (M) ~ ker f @ im f;. Since ker " = im A*_; and
dimim AY_; < oo, we conclude that dim H" (M) is finite, which proves the induction
step.

Q.E.D.

In case Hyr(M) is finitely generated, we define the Betti numbers of M to be the
Betti numbers of Hyr(M) and the Euler-Poincaré characteristict x(M) of M to be
X(Har(M)).

The last result tells us that it is possible to compute x(M) whenever M is of finite
type, since

m m

(3.1) X(M) =) (=1)"b, =Y (=1)" dim H" (M)

r=0 r=0

However, if M is a compact surface, Poincaré duality (Theorem 3.17) yields a relation
between the Betti numbers of M, allowing one to compute x(M) for certain classes of
surfaces, as we shall see in § 3.4.

Example 3.9. Let M be a surface such that Hyr(M) is finitely generated. If N is another
surface with the same homotopy type as M, then x(M) = x(NN). This follows immediately
from Theorem 3.5. Thus, (3.1) and Proposition 3.1 tells us the Euler characteristic is a
topological invariant for compact surfaces.

Example 3.10. Let m > 2. Using the Mayer-Vietoris sequence, Theorem 3.5 and a
decomposition S™ = UUV, where U and V are contractible open such that UnV ~ §™~1
in the homotopy category?, one can generalize Example 3.8 by proving that H™(S™) ~ R
for every m > 0 and H"(S™) ~ {0} for 0 < r < m. (See [7, p. 32].)

Example 3.11. Upon the identification C"*! ~ R?"*+2, we can write points z € S?"*1 as
2 =(21,...,2n41), Where z; € C and 3" | 2|2 = 1. Consider the map f : §2n+1 — R2(n+1)°
given by f(z) = [2:Z;] ((n+1) X (n+1) matrix with complex entries). The n-dimensional
complex projective space CP™ is defined to be the image f(S5?"*1). Proceding along the
lines in [11, p. 260], one shows that C'P™ is a compact, connected, smooth surface of
dimension 2n in R2™+D? For 0 < r < 2n, one shows that

HT(CP") = R ;=0 mod 2
“]o cr=1 mod?2

In order to compute these groups, one needs to extend de Rham cohomology to compact
sets in Euclidean spaces, which will not be done here. The details can be seen in 7, p.73].

1Actua11y, the Euler-Poincaré characteristic is defined in the more general context of topological spaces by
means of polyhedra. For further details see [5].

2For instance U = S™ —{north pole} and U = S™—{south pole}. Then UNV = S™ — {p, q} and S™~! have
the same homotopy type.(See Example 2.24.)
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3.2. Compactly Supported de Rham Cohomology

From the de Rham complex Q*(M), we obtain a subcomplex Q%(M) by restricting each
d, to QL(M) (§ 2.2), namely,

dl dm— 1 dm

-HOHQQ(M)L)Q}:(M) QM) —"% 0 — ---

The cohomology group of such cochain complex is called compactly supported de
Rham cohomology group, denoted by

Hano(M) = (Hj (M) = ZJ(M)/BL(M))rez

To avoid such a heavy notation, we write H.(M) (resp. H/(M)) instead of Hqr (M)
(resp. Hyp (M)).

For a compact surface M, the de Rham groups H.(M) and Hyr(M) coincide, since
closed sets are compact in compact spaces. In case M is not compact, such groups can
be pretty different from each other. For instance, if, in addition, M is connected we see®
from Example 3.2 that H),(M) ~ R, but H)(M) = {0}, since Z?(M) = {0} (a constant
function on M having compact support must be identically zero).

The next result concerns compactly supported cohomology of connected oriented
surfaces. The proof is rather lenghty, thus we shall not include it here. (See [7, p. 42].)

Proposition 3.2. Let M be an m-dimensional connected oriented surface. The integra-
tion of forms [w] — [,,w defines a linear isomorphism between H*(M) and R.

From properties of proper maps dicussed in § 2.2, it follows that the algebraic con-
travariant functor 7' from last section (discussion preceeding Theorem 3.5) restrics to a
functor from the category of smooth surfaces and proper smooth maps which assings to
a surface its compactly supported de Rham cohomology group and to a proper smooth
map f : M — N its induced morphism T'(f) = f** : Hjr(N) — Hgr(M). In this
case, we also write f* instead of f**.

From the above, it follows that if M and N are (properly) diffeomorphic surfaces,
then Hyg () and Hyp (M) are isomorphic. However, compactly supported cohomology
is not homotopy invariant, as shown by the next result.

Proposition 3.3. If m > 1, then

{0} ;0<r<m

R ;r=m

H;(R™) = {

Proof. As we have seen above, H)(M) = {0} for non-compact connected surfaces. The
case r = m comes from Proposition 3.2. We will prove the case 0 < r < m. Since
the stereographic projection ¢ : S™ — {p} — R™ (p € S™ is the north pole) is a proper

3Compau:tness does not play a role here.
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diffeomorphism, it suffices to prove that H. (S™—{p}) = {0}. Thus, let w € Z7(S™—{p}).
Since wgm € QL(S™) and H"(S™) = {0} (Example 3.10), we have

wgm = do

for some o € Q"7L(S™).

We must find v € Q771(S™ — {p}) so that w = dy. First, Proposition 2.5 applied
to A = S™ — suppw tells us there exists an open set p € V C S™ such that V is
diffeomorphic to R™ and wgm|y = 0. We have two cases:

1. If r = 1, then a € Q°(S™) is just a C* function on S™. Since (da)|y = wgm|y =
0 and V is connected, it follows that « is constant on U, say o = ¢. Thus, defining
B=a—ceNS™), we see that supp 3 C (S™ —{p}) —V C S™— V. Therefore
Blsm_(py € Q(S™ — {p}) and df|sm () = (da)|sm_(py = w.

2. Since wgm = da, we have d(aly) = wgm|y = 0, whence afy € Z"~ (V). From
Theorem 3.3 and the fact that V and R™ are diffeomorphic, it follows that
H™Y(V) ~ H'~Y(R™) ~ {0}. Thus aly is exact, say a|y = dr for some 7 €
Q"=2(V). Applying Proposition 2.2 to V and S™, we see there exists a function
¢ : 8™ — [0,1] such that supp& C V is compact and £ = 1 on some open set
p €U C V. Thus &7 € QL-2(V). Defining o = (£7)gm € QL72(S™), we have 3 =
a—do € QHS™). Since U CV, By = a|y — do|u = a|y — dr|y = 0, whence
supp 8 C S™ — U, that is, B € Q571(S™). Lastly, dBlsm_gpy = dalgm_p = w.

Q.E.D.

The following result about cohomology will be needed in § 3.3.

Proposition 3.4. Let M be a surface. If M = Uy Uy is a disjoint union of non-empty
open sets Uy C M, then the following hold:

L Hyg(M) ~ [ Har(U»).
AeL

2. HdR,c(M> [ @HdR,c(U)\) .
ANEL
3. Hom(Hyr,o(M),R) ~ [ [ Hom(Hyr(U)),R).
AEL

Proof. To prove the first two items, it is enough to see that Q*(M) ~ [[Q*(Uy) and
QM) ~ P Q(Uy). We define cochain maps f: Q*(M) — [[Q*(Uy) and g : Q5(M) —
P QL (Uy), where

o) I Ty on 2 i)
AEL AEL
W (iyw)rer W (irw)rer
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The respective inverse maps are p : [[Q*(Ux) — Q*(M) and q : @ QL(Us) — QE(M),
given by

[[owy = ow) @ouu) = M)

AeL AL

(WareL = D_wa (Wxhrer = D (wr)m

Note that p, is well-defined, since M = |J,.; Uy is a disjoint union, which makes
(suppwy)aer into a locally finite family (see Remark 2.38). As to the third item, it
follows from item 2. and Proposition 1.4. Indeed,

(Hom(Har.o(M),R))" = Hom(H[ (M), R)
~ Hom (€D H.(U»), R)
~ [ [Hom(H{(U)), R)
= (J[Hom(Har(U»),R))"
Q.E.D.

As in last section, a decomposition M = U UV yields , in a similar fashion, a short
exact sequence of cochain complexes

00— QUNV) Lo Q) e (V) —L QM) —— 0,
but in this case we use zero extensions of forms intead of restrictions, that is,
f’r‘(w) = (WU,WV) and gr(a76) =apm — ﬁM .

From the definition of zero extension of forms and some easy verifications, it follows
that the short sequence above is exact. To see that each g, is surjective, one uses similar
arguments to those used in the last section. Indeed, given w € QL (M), we take a partition
of unity & + & = 1 strictly subordidated to M = U UV so that supp&; C U and
supp&s C V. Setting a = ({iw)|y and 8 = —(&ew)|v, it follows that a € QL(U) and
B e QL(V). Thefore, gr(a, ) = (&w)|u + (§a2w)|y = w (to see this consider points in
UNV,U -V and V —U). This shows that g, is onto.

Again, from Theorem 1.17, we obtain the Mayer-Vietoris sequence with compact
supports:

8* * * * *
N (U NV L HIU) @ HI(V) =S HI(M) 2 HIFY(U V) S

where
fi(w]) = ([wol, [wv]) and  gi([e], [B]) = [ = Bum] -

In order to see how 0 works, let us consider [w] € H](M). From the expression for
the connecting homomorphism given in Lemma 1.16, it follows that

o7 [w] = [(de)|unv] = [(dB)|unv]
for some (a, 8) € QL(U) & QL(V) such that w = ay — By
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Now, we apply the contravariant Hom(-,R) (and Proposition 1.4) to the Mayer-
Vietoris sequence above and obtain a long sequence®

% # #
s HPN U AV T g M) S B e HI(VY D HUnv)y —

C

which is exact by Proposition 1.3.

The dual maps above act as follows. For (p,¢) € HL(U)" @ HJ(V)* and [w] €
H(UNV),

FF (e ) - [w] = plov] — plwv] .
Given p € Hl(M)*, g7 o = (£,0), where (£,() € HI(U)* & HL(V)*, is such that

§lo] = plan] and  ([B] = ¢[Bu],
for o € HI(U) and g € HL(V).
Lastly, for every ¢ € H' 1 (U NV)* and [w] € HL (M),

(3.2) (07,190) - [w] = (0*[w]) = ¢l(da)|uav] = ¢l(dB)lurv],
for some (a, 5) € QL(U) & QL(V) such that w = ay — By

3.3. Poincaré Duality

This section is entirely devoted to the proof of the main result, namely, the Poincaré
Duality theorem (Theorem 3.17), which states that there is an isomorphism (to be defined
in a moment)

(3.3) Hap(M) ~ Hgp A (M)*,
whenever M is an oriented m-dimensional (smooth) surface and 0 < r < m. Clearly,

(3.3) holds for r < 0 and r > m. So we shall focus on the case 0 < r < m.

The proof of (3.3) is rather lengthy so we break it into five lemmas. Also, it is mostly of
algebraic nature, since its essence is a relation (Lemma 3.12) between the Mayer-Vietoris
sequences of a decomposition M = U UV derived in § 3.1 and § 3.2.

Let M be an oriented m-dimensional (smooth) surface and 0 < r < m. The exterior
product and integration of forms yield an R-bilinear map

(3.4) Py =Py H (M) x H" (M) > R
given by
(o, [8]) /MW’

since aAf is an m-form on M and suppaaf C suppa N supp B. This bilinear form
is well-defined. Indeed, if ([a1],[51]), ([e2], [B2]) € H"(M) x H*"(M) are such that

“We will continue to use the shorter notations E* = Hom(E, R) and f# = Hom(f, R).
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a1 = oo +da and B1 = P + df3, then

/041/\51=/(042+d07)/\(52+d5)
M M

:/MagAﬂ2+/MdaA,82+/Ma2Adﬁ+/MdaAd,6

:/ a2 ABQ?
M
by Corollary 2.40.1.

The R-bilinear form Pj; in (3.4) corresponds to a linear map
Dy : H'(M) — HP"(M)* (0<r <m),
called Poincaré duality map, defined by

Dyla] = / an :H" (M) — R,
M
for every [a] € H"(M). Thus, Poincaré’s duality is stated as
If M is an oriented surface, then Dy is an isomorphism.

This is what we shall prove. Henceforth, whenever we say that Poincaré duality holds
for some surface M, we mean that Dj; is an isomorphism.

We now proceed to prove our first lemma.

Lemma 3.12. Let M be an oriented m-dimensional surface. If M = U UV, where
U,V C M are open, then the diagram below commutes.

H(U)® H (V) 2vE2vs gm—r(uy @ HP7 (V)

95 Vf#
H'(UNV) Punv H™ " (UNV)*

(=1)7Ay o
HTHE,M) D N Hgn,—:—l (M)*

T*Hy yg#

H+YU) @ HHY(V) Du®—Rv H=r=Y(U)* @ H™ = Y(V)*
951 I#
g+ wnv) — v grer-lyav)

Proof. Recalling the definitions in § 3.1 and § 3.2, the first and the third rectangles are
easily seen to commute. The one that poses a problem is the second one. In order to
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prove its commutativity, let [w] € H"(U N V) be such that w = a|yny — Bluny, where
aecQ(U) and B € Q"(V). As we have already seen in § 3.1,

(1) ANw] = (1) o] € H™H(M),

where ol = da, o|y = dB and o|yry = da|yay = dB|uny. Thus, for [r] € HP"~1(M),
we see that

(3.5) Dy (=1 A w] - [1] = (=1)"! /MO'/\T.

On the other hand, from (3.2), it follows that 0% Dynyv[w] - [7] = Dyay[w](0*[7]), that
is,

(36) 8#DU|’1V[W] . [T] = /Umv(,u/\(daﬂUmv,

where 7 = ay; — B, for some & € QP ""HU) and § € Q™ ""1(V) such that

dalyny = dflunv -
Also, note that supp da, suppdf C UNV, since 0 =dr =daon U —V and 0 = dr = df3
on V — U; this fact will come in handy. Now, we have to show that the integrals in (3.5)
and (3.6) are the same. Indeed, from Theorem 2.39(4), we have

(_1)r+1 /MU/\T — (_1)7’+1 /MO'/\QM + (_1)r+2 /MO'/\BM

:(_1)T+1/Umd+(—1)’“+2/vmﬁ

= (—1)”‘1/ dona+ (—1)r+2/ dB a3
U 1%
From Theorem 2.36(3) and Corollary 2.40.1, it follows that

(—1)7"+1/UdaAa:/UaAda and (—1)T+2/VdBAB:—/VBAdB.

(—1)T+1/MU/\T:/Uoz/\doz—/vﬂ/\dﬁv

and since supp da,supp df3 C U NV, Theorem 2.39(4) gives us

(—1)’““/ am:/ (a/\do_z)](mv—/ (BndB)|ury
M Unv Unv
2/ Oé|UmV/\dOé|Umv—/ Bluav rdBlunv
Unv Unv

Thus

=/ aluav Adaluny — Blunv Ada|uny
Unv Unv

2/ (alunv — Blunv) Adaluny
unv

= / w /\dd’UﬂV
unv
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Q.ED.

Lemma 3.13. Let M be an m-dimensional surface. If M = Jyc; Uy is a disjoint union
of non-empty open sets Uy C M and Poincaré duality holds for every Uy, then it also
holds for M, that is, Dys is an isomorphism.

Proof. If each Dy, : H"(Uy) — H*""(Uy)* is an isomorphism, then the same holds for
D* :1[H"(Uy) — [[H " (Uy)*, where

D*([waDaer = (Do, [wal)rerL -

From Proposition 3.4(1) and (3) we have a commutative diagram

fr .
HAeL H (UA)

|

£ ; m—r *
H/\EL Hc (U/\)

-
S
S
S

q *

(M)* == (@ier HI"(UN))

where f, and qifr are isomorphisms coming from Proposition 3.4 and £ (also an iso-
morphism) comes from Proposition 1.4. For [w] € H" (M) we have

D*frlw] = D*([iwhaer = (Do [i3w))rer € [ HI " (UN)",
A€L
where iy : Uy < M is the inclusion map, and for each A € L and [a] € H""(U,),
(3.7) Do, [5] - [o] = / fwaa
Ux
Denoting by j the natural inclusion H](Uy) — @ H/(U,), we have
E(@h-r(Dulw])) = (o (Durlw)) 0 i aer € [T HZ (U
AeL
Since jy[a] is a family of classes which are null except at the position A, it follows that,
for each A € L and [a] € H"™"(U,),
(i (Dt [w]) 0 i) [a] = (g (Dar[w]) - ale]
= DM[W] ’ mer(j)\[a})
= Dy [w] - [and]

:/ WAQ) .
M

Note that suppwarapy C Uy and i} (ap) = a. Thus, from 3.7 and Proposition 2.39(4)
we see that

(qﬁfT(DM[w]) ojn)la] = /MonzM = " ix(wnrap) = /UA ixwnaa = Dy, [iw] - o] .

Q.E.D.
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Lemma 3.14. Let M be a surface and B a basis for the topology of M which is closed
under finite intersections. If Poincaré duality holds for each U € B, then it also holds
for M.

Proof. By hypothesis we see that Dy, Dy and Dyny are isomorphisms. Thus, from
Lemma 3.12 and the Five Lemma (Theorem 1.18), it follows that Dyny is also an iso-
morphism. Arguing by induction, one easily verifies that the same holds for arbitrary
finite intersections of open sets belonging to B. Now, from Proposition 2.1, we take a
decomposition M = J;cn Ai, where each A; is a finite union of open sets belonging to B
such that A; N A; = ) for every j > i+ 2. In particular, D4, is an isomorphism for every
i. Setting

U= UAQZ' and V = UA27;717
we get

M=UUV and UNV=|JAinAy.

Note that each A; N A;11 is a finite union of sets belonging to B, which implies that each
D g;nA,,, 1s an isomorphism. Since 4; N A; = () for every j > i + 2, it follows that U, V
and U NV are disjoint unions. Then, by Lemma 3.13, the maps Dy, Dy and Dyny are
isomorphisms. Finally, it follows from Lemma 3.12 and the Five Lemma (Theorem 1.18)
that DM = DUUV-

Q.E.D.

Lemma 3.15. Let 0 < r < m and f : M — N be a proper diffeomorphism between
surfaces which is also orientation-preserving. Then the following diagram commutes.

HY (M) «L gr(N)

ou [s

f#
H™ " (M)* —— HI "(N)*
In particular, if Dy is an isomorphism, then the same holds for Dy;.

Proof. Let [a] € H"(N). Recall that f*[a] = [f*a] and f#plw] = ¢[f*w] for ¢ €
H"(M)* and [w] € H*"(N). Thus, for every [3] € H*™"(N), we have

F#Dulf*al- (3= Dulyal - (181 = [ pans= [ fans).
M
It follows from Theorem 2.39(3) that
[#Dylf*a] - /f (anf) = /aAﬂzDN[a]w-

Q.E.D.

Lemma 3.16. Poincaré duality holds for R™.
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Proof. From Example 3.2, Theorem 3.3 and Proposition 3.3, we have

{0} ;0<r<m

: <m
H™(R™) = and  HPo(Rm) < J W0F i0<rsmo
R ;r=0 ‘

R ;r=0

Thus, we only need to check that Drm : H(R™) — HM™(R™)* is an isomorphism.
To do so, it suffices to see that Drm is not identically zero, since both spaces have
dimension 1 over R (Proposition 3.2). Let o : R™ — R be the 0-form o = 1 and
B = flx)dzin--- adey, € QL(R™), where f € C(R™) comes from Proposition A.1
with K = B[0;2]. Then

DRm[a]-[ﬁ]=/Rmaw=/mB=/Kf7éo.
QED.

Finally, using the results above, we present the proof of the Poincaré duality theorem.

Theorem 3.17 (Poincaré Duality). If M is an oriented m-dimensional surface, then

H"(M)~ HI" " (M)*
and, for 0 <r < m, this isomorphism is given by the map

Dy - H (M) — H* "(M)*,

where

Dylal (8] = [ ans

M

for [a] € H'(M) and [8] € H* " (M).

Proof. The work is essentially done. We have two cases:

Case #1: Let M C R™ be an open set (m-dimensional surface). Denote by B a basis
for the topology of M consisting of open rectangles C' C R™ with sides parallel to the
coordinate axes. Each C € B is (properly) diffeomorphic to R™ (Example 2.18). Thus
Lemmas 3.15 and 3.16 tell us that D¢ is an isomorphism for every C' € B. Also, note
that C N C" € B for any C,C’ € B. Therefore, by Lemma 3.14, Dj; is an isormorphism.

Case #2: Now, for the general case in which M C R is an oriented m-dimensional
surface, we consider B to be a basis for the topology of M consisting of open sets U C M
which are diffeomorphic to some open subset of R™ (Example 2.9). By the previous case,
we see that Dy is an isomorphism for each U C M. Also, note that U NV € B for every
U,V € B. Thus, from Lemma 3.14, D, is an isomorphism.

Q.E.D.
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3.4. Applications

The present section was based on [2, 3, 13]. We present some applications of Poincaré du-
ality (Theorem 3.17), starting off with some consequences regarding cohomology groups
and Betti numbers. Right after, the first subsection deals with applications involving the
Euler-Poincaré characteristic and signature of surfaces; we also present an example of
an irreversible surface, as prosmised at end of Subsection 2.1.2. As to the second, the
connection between Poincaré duality and Hodge decomposition is discussed.

First, observe that if M is an oriented surface whose de Rham cohomology group
Hgr (M) is finitely generated, then basic linear algebra tells us that (H}(M))* ~ H (M)
for every r. Thus, the isomorphism in Theorem 3.17 yields

H" (M)~ HI"™"(M).
As we know, if M is compact, then H (M) = H"(M). Therefore, by Proposition 3.1,
H" (M)~ H™ " (M)
and we have the following
Corollary 3.17.1. If M is a compact oriented m-dimensional surface, then
by =bm—r 07 <m,

where b, is the rth Betti number of M.

Poincaré first stated his duality result in his 1895 paper “Analysis Situs”. The state-
ment given by Poincaré was pretty much the same as in Corollary 3.17.1, but instead of
“m-dimensional surface” he considered an m-dimensional topological manifold® together
with some additional structure, there was no differential structure involved.

More consequences of Poincaré duality are given below.
Corollary 3.17.2. Let M be an oriented, connected, m-dimensional surface. If M is
not compact, then H™(M) = {0}.
Proof. At the begining of § 3.2 we showed that HO(M) = {0} if M is non-compact.
From Theorem 3.17, it follows that
H™(M) ~ HY(M) = {0}.
Q.E.D.

Corollary 3.17.3. Let M be an oriented m-dimensional surface. If Hqr (M) is finitely
generated, then

HI™™(M xR ~ HS (M) (0<r<m).

5A topological n-manifold is a topological space X such that each point has open neighborhood homeomorphic
to some open set in R™. Also, see the footnote in p. 24.
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Proof. Since R" is contractible, we see from Example 3.7 that Hyr(M xR™) ~ Hqr(M).
Since Hip (M) is finitely generated, we have (H](M))* ~ H] (M) for every r. It follows
from Theorem 3.17 that

(HIT™(M x R™))* =~ H™ =)0 < R™)
= H™ (M x R")
~H™ (M)
= H:(M)

Thus dim(H:T™(M x R™))* < oo, which implies dim H.*"(M x R") < oo Therefore
HI™™(M x R") ~ (H*"(M x R™))* ~ H[(M).
Q.ED.

Corollary 3.17.4. Compact oriented surfaces of positive dimension are not contractible.

Proof. Let M be compact m-dimensional surface with m > 0. Write M = (J,;, Ca,
where (C))aer is the family of connected components of M. Example 2.6 tells us that
each C) is open in M. Thus, Proposition 3.4 together with Example 3.2 yields

HM) ~ [[H(CY) = [] R-

AeL AeL

Therefore, H(M) # {0}. It follows from Poincaré duality and the compactness of M
that

H™(M) ~ HJ(M) = H(M) # {0} .
Finally, Poincaré’s lemma (Theorem 3.3) implies that M is not contractible.

Q.E.D.

3.4.1. Euler-Poincaré Characteristic and Signature

As to the Euler characteristic, Poincaré duality allows one to compute it modulo 2
for compact oriented surface of even dimension, as shown by the next result.

Corollary 3.17.5. If M is a compact oriented 2m-dimensional surface, then

x(M)=b, mod?2.

6Given a real vector space E, there is always a canonical linear injection E — E**.
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Proof. This is a direct application of Corollary 3.17.1:

2m

mb+z b+z

r=m+1

— mb +Z b + Z Qm " b

r=m+1

= (—=1)"bm +Z )"by +Z )" by,
=(=1)"by, + 2 z_:(—
r=0

Thus x(M) = (—=1)"by, = by, mod 2. Q.E.D.

Before presenting the next corollary, we discuss some properties of the bilinear map
Py, in 3.4. First, if M is a compact oriented m-dimensional surface, then

Piy(la], [8]) = /M anf = (~1)7 ) /Mﬂw — (~1)" = P (8], )
for [a] € H"(M) and [§] € H™ "(M). Thus
(38) Pl 18) = (1) PR (8], [a]) and  Pi((al,[8]) = P (8], [a)

for m =0 mod 2 and m =1 mod 2, respectively.

A bilinear form b : E x EE — R on a finite-dimensional real vector space E is said
to be non-degenerate if the corresponding linear map £ — E* is an isomorphism. Thus,
for a compact oriented 2n-dimensional surface M, Theorem 3.17 tells us that

Pl HY(M) x H*(M) = R

is a non-degenerate bilinear form on H™(M). Since M has even dimension, the first
equality in (3.8) with r = n tells us that Pj; is symmetric if n = 0 mod 2 and anti-
symmetric otherwise.

Recall from Linear Algebra that the (symmetric) matrix B of a symmetric bilinear
form b on an n-dimensional real vector space E can be diagonalized, that is,

A0 .00
0 X ... O
B=1. . :
0 0 ... X\

relative to some basis of F. In this case we define the signature of b to be

sig (b) = card{i; \; > 0} — card{i; \; < 0}.
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The numbers
nt =card{i; \; >0} and n~ =card{i; \; < 0}

are called, respectively, positive and negative indices of inertia. The number sig(b) is well-
defined, since Sylvester’s Law of Inertia ([4, p. 370]) tells us nt and n~ are invariant
with respect to the choice of bases such that B is diagonal.

In case b is non-degenerate, we have det B # 0, whence \; # 0 for all 1 < i < n. Thus
n=nt+n".

Now, if M is a compact oriented 2n-dimensional surface and n = 0 mod 2, then
P}, is a non-degenerate symmetric bilinear form on H™(M). In this case we define the
signature of M to be

sig(M) = sig(Pyy) -
Note that the signature is not homotopy invariant, since sig(—M) = —sig(M). This
follows from Theorem 2.39(5) applied to Py;.
From this discussion we have the following result.

Corollary 3.17.6. The following items hold for a compact oriented m-dimensional sur-
face M.

Ifm=1 mod 2, then x(M) = 0.

Ifm=2n and n=1 mod 2, then x(M) =b, =0 mod 2.

If m =2n and n =0 mod 2, then sig(M) = b, = x(M) mod 2.
Let m =0 mod 4. If sig(M) # 0, then M is irreversible.

If m =2n, n = 0 mod 2 and b, = 1 mod 2, then sig(M),x(M) # 0. In
particular, M is irreversible.

A

Proof. For the first item, if m =1 mod 2, then Corollary 3.17.1 yields

m m

N(M) = 37 (-1)7by = (~1)™ S (1) by = —x (M),

r=0 r=0

whence x (M) = 0. For the second item, P}, non-degenerate and anti-symmetric for n = 1
mod 2. Thus Corollary 3.17.5 and Proposition A.2 give

x(M)=0b, =0 mod2.

As to the third item, if n = 0 mod 2, then P} is a non-degenerate symmetric bilinear
form.. Thus

by, — sig(M) = b, —sig(Pyy) = bt + b, — (b —b,) = 2b,, .
Therefore, b, = sig(M) mod 2, and Corollary 3.17.5 gives
X(M)=b, =0 mod 2.
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To prove the fourth item, we argue by contraposition. Let m = 2n, where n
0 mod 2, and f : M — M an orientation-reversing diffeomorphism. From item 3. in

Proposition 2.39 we see that
fyre=-
M M

for w € Q™(M). Thus, given [a] € H"(M) and [3] € H"(M), it follows that

PY(f*[a), f16]) = /M franff= /M fanp) = — /Mmﬁ = —Pp(la), [8)

From Proposition A.3 we conclude that sig(Py;) = 0, whence sig(M) = 0.

Lastly, item 5. follows from the previous two.
Q.E.D.

An interesting application of Theorem 3.17 (which will not be proved here) is a
suficient condition for the orientability of connected surfaces, namely: an m-dimensional
surface M is orientable whenever H™(M) # {0}. 7

This result allows one to conclude that the complex projective space C'P", introduced
in Example 3.11, is orientable, since H**(C'P") ~ R.. Again from Example 3.11, for n = 0
mod 2, H"(CP") ~ R, that is, b, = 1. Thus, Corollary 3.17.6(5) tells us there is no
orientation-reversing diffeomorphism from C'P" onto itself, that is, C P" is irreversible
whenever n is even.

3.4.2. Connection to Hodge Theory

Now we briefly discuss the Hodge Decomposition Theorem and how it implies Theo-
rem 3.17 in the case of compact surfaces.® Why just the compact case? Well, as we shall
see in a moment, compactness allows one to define an inner product on Q" (M).

We begin by observing that, to each point « on an m -dimensional surface M C R",
one assings an inner product g, = (-,-), on T, M C R" (in this case, the usual inner
product on R"™) so that, given a parametrization ¢ : Uy — U of U C M, the maps
gij : Up — R defined by

dp  Op
gij(a) = < (a), (a)>
J 3%1 aﬂjj 2
are smooth. The map g :  — g, = (-, -), is called Riemannian metric.

Let M be an oriented m-dimensional surface. Using the Riemannian metric on M
and the Riesz representation theorem (the one from Linear Algebra), one extends (-, -)
to A, (T, M) by setting

T

(Ui A AU, VLA e AR = det((uf, v )2)

"The proof of this fact relies on results regarding covering maps. The details can be seen in (7, p. 49].
8For proofs and further details regarding the subjects discussed here, see [2, 13].
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where u!, v} € T, M are the vectors correponding to u,v € (T, M)* via the Riesz repre-

sentation theorem. This leads to the existence of an unique linear isomorphism
* =K Q' (M) — Q" " (M),
for each 0 < r < m, called the Hodge star operator, which assigns to each r-form w an
(m — r)-form *w such that
a(r) rw(z) = (a(z), ~w(z)), v(z)
for every z € M and oo € Q™7 "(M), where v denotes the volume form of M (Example
2.27).

Now, let us fix M a compact, oriented m-dimensional surface. Then Hogde’s operator
yields an inner product on Q" (M), namely,

(3.9) (alB) = /Ma B

Thus, it makes sense to talk about an adjoint 9,41 : Q"1 (M) — Q"(M), called codiffer-
ential, for the exterior derivative d,. : Q" (M) — Q"+ (M) with respect to (-|-). Using the
fact that +x = (—1)™("™~") one shows that

9= (1" g
is in fact the adjoint map of d with respect to the inner product (-|-), that is,

(dralB) = (a|0r118)
for every a € Q"(M) and 8 € Q"F1(M). Moreover, one verifies that 99 = 0. Therefore,
there is a chain complex Q. (M) = (", 0,), namely,

8'mfl 80

o » QM) —— 0 — .-

D 0 —— QT (M) -2 (M)

In this chain complex, elements of the subspace Z,(M) = ker 9, are called co-closed
forms and elements of B, (M) = im 0,41 are called co-ezact forms.

The Hodge operator relates closed, co-closed, exact and co-exact forms by
*(Z"(M)) = Zyp—r(M) and *(B"(M)) = Bp—r(M),
from which it follows that
Z"(M) = Zy—r(M) and B"(M)= Bp—r(M) (0<r<m).

Thus, Theorem A.5 applied to * yields isomorphisms between de Rham cohomology
groups of M and homology groups H,. (M) of Q.(M), namely,

(3.10) Hp(M) ~ Hy (M),
for 0 <7 < m. This is not quite Poincaré duality yet.

In order to state Hodge’s theorem we need to define one more object, which is an
analogue for differential forms of the usual Laplacian. The Laplace-de Rham operator

A, (M) = Q7 (M)
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is defined by
Ayw = 8r+1d,,(w) + dr_l&«(w)
for every w € Q" (M).

(3.11) " di

(M) S 0r(M)

It can be shown that A, commutes with the Hodge operator, the exterior derivative
d and its adjoint 0. There is then a chain map A : Q. (M) — Q. (M), given by (3.11) for
0 <r < m. Also, it is not difficult to see that A, is self-adjoint with respect to (-|).

A differential form w € Q"(M) is said to be harmonic if A,w = 0. In what follows,
we denote by " (M) the vector space of harmonic differential r-forms. Computing the
expression (Aw|w) one easily verifies that w is harmonic if, and only if, it is closed and
co-closed.

Since the diagram

Q" (M) —=— Qm (M)
is commutative for every r, it follows that %, induces an isomorphism
(3.12) (M)~ """ (M).
We are now ready to state Hodge’s theorem.

Theorem 3.18 (Hodge Decomposition). Let M be a compact, oriented m-dimensional
surface. For each 0 < r < m, the space " (M) is finite-dimensonal and the inner
product space Q" (M) splits into the orthogonal direct sum

Q"(M) =7 (Q"(M))® " (M).
Moreover,
(3.13) QO"(M)=imd,_1 ®im 0,41 & " (M)

1s also an orthogonal decomposition.

Some comments regarding the proof of Hodge’s theorem are in order. Since the Lapla-
cian is present in Hodge’s theorem, it is only fitting to expect the proof of such theorem
to be related to PDE’s. Indeed, the toughest steps in the proof of Theorem 3.18 are the
finiteness of dim 7" (M) and the orthogonality im A, = 7 (M)L, since they require
the Hahn-Banach theorem and two other results, the first of which gives a sufficient
condition to the existence of a solution for A,w = «, whereas the second one consists of
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sufficient conditions to obtain a Cauchy sequence from a given sequence of differential
forms in " (M ). In order to prove these two results, one relies on the machinery of elliptic
operators and of Sobolev spaces W™?2. For further details, we refer the reader to [13].

An important consequence of Theorem 3.18 is that it allows us to “find” a harmonic
form in each cohomology class in H},(M). To see this, let us fix a surface M as in
Theorem 3.18. The orthogonal decomposition (3.13) tells us that each w € Q" (M) can
be expressed uniquely as
(3.14) w=d_1a+ 0118+

for some a € Q" M), B € QT M) and v € " (M) = kerd, Nkerd,. Note that if
dw = 0, then dOp = 0, whence (95|08) = (d0p|5) = 0. Thus, w represents a de Rham
cohomology class in H};,(M) if, and only if, 9,418 = 0.

From this we see that, for [w] € H},(M), the form ~ originating from the decom-
position (3.14) is a harmonic r-form representing [w]. Also, this harmonic “component”
is unique. Indeed, if ¥ € " (M) is any other harmonic form which is cohomologous to
w, say w = dp_1& + 7 for some & € Q""Y(M), then v = 7, by the uniqueness of the
orthogonal decomposition. This means that, for 0 < r < m, to each [w] € H}j(M) there
is an unique harmonic r-form representing |w]. It then follows that the map

A7) 5 Hyp(M)
y— Nl

is an isomorphism. Therefore, the fact that dim 7" (M) < oo (Theorem 3.18) allows
one to obtain the particular case in Proposition 3.1, namely, each H},(M) is a finite-
dimensional vector space.

Using (3.12), we summarize the discussion above as follows.
Proposition 3.5. Let M be a compact, oriented m-dimensional surface. Then
1. " (M) = Hjp(M) for every 0 < r < m;
2. dim H}jp (M) < oo for every 0 < r < m;
3. Hjp(M) ~ Hjyp " (M) for every 0 < r < m;
As a consequence of the above result and (3.10), we obtain a duality result for ho-
mology groups of Q,(M).

Corollary 3.18.1. Let M be a compact, oriented m-dimensional surface. For every
0 <r <m, the homology group H.(M) is finite dimensional and

H.(M) =~ Hp,—r(M).
Proposition 3.5 together with the existence of the inner product (3.9) implies Theorem
3.17 for compact, oriented surfaces.

Theorem 3.19 (Poincaré Duality, compact case). If M is a compact, oriented m-
dimensional surface, then, for 0 <r < m, the map

Dy« H (M) — H™ " (M)*,
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given by
Dylal (8] = [ ans

M
for [a] € H'(M) and [5] € H™ " (M), is an isomorphism.

Proof. From Proposition 3.5(2) and (3), it suffices to show that ker Dy, = {0}. Thus,
let [a] € H"(M) be such that Dys[a] = 0. We have

[ ara=0

for every [§] € H™ "(M). In particular

/Ma/\(*a) =0,

since * commutes with d. Therefore, (a|a) = 0, whence o = 0.
Q.ED.






Appendiz A

Some Useful Theorems

This appendix is reserved to state theorems (some of them whitout proof) on integration,
differentiablility and modules, which are used throughout the text. For proofs of some
these results we refer the reader to [11]. We begin with the classical chain rule.

Theorem A.1 (Chain Rule). Let U C R™, V C R" be open sets, f : U — R" dif-
ferentiable at a € U, with f(U) C V, and g : V — RP differentiable at f(a). Then
go f: U — RP is differentiable at a and

(g0 f)(a) =g (f(a))- f'(a) : R™ — RF.
In terms of matrices we have

[(g o ) (@)]pxm = [9'(£(a))lpxn - [f'(@)]nxm -

From the definition of matrix multiplication it follows that

gzOf Zagz 3fk( ),

Ox;j ayk 8:1:J
fori=1,...,pand j=1,...,m, Whence
dgof) g O f

oz @ = X (e

For the next theorem let U C R™ be an open set. A map f : U — R” is said to be
strongly differentiable at a point a € U when there exists a linear map 7' : R™ — R"
such that, for x,y € U,

f(x)— fly) =T(x —y) + ro(x,y)|zr —y|, where lim ry(x,y)=0.
(z,y)—(a,a)

It can be shown ([11, p. 221]) that, for a differentiable map f : U — R", strong
differentiability at a point a € U is equivalent to the continuity of the derivate f': U —
L(R™;R") at a.
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Next we have the Inverse Mapping Theorem.

Theorem A.2. (Inverse Mapping) Let f : U — R™ be strongly differentiable at a € U
and f'(a) : R™ — R™ an isomorphism. Then f is a homeomorphism from an open set
V > a onto an open set W > f(a). The inverse homeomorphism f=: W — V is strongly
differentiable at f(a) and its derivative at f(a) equals [f'(a)]~". If f € C* (k > 1) then
V can be taken so that f maps V diffeomorphically onto W ; in particular, f~* € C*.

During § 2.3 the following change of variables theorem is used to prove that the
integral of a differential form is a signed integral. For a proof see [11].

Theorem A.3. (Change of Variables) Let o : U — V be a C*-diffeomorphism between
open sets U,V C R™, K C U a Jordan-measurable compact set and f : ¢(X) - R an
integrable function. Then fo ¢ : K — R is integrable and

[ 1= [ oaincel

During the proof of Theorem 2.37) the following lemma is used in order to extend a
homotopy.

Lemma A.4. There exists a function & : R — R such that £ € C*°,0< < 1,&(t) =0
fort <0 and&=1 fort > 1.

Proof. First consider the function a: R — R, a € C°, given by

1t .
a(t):{e ;>0

0 <0
Then define 5 : R — R as 8(t) = a(t)a(l —t). We have 8 € C*° and
0 ;<0
Bty =L e /=) o<t <1.
0 ;t>1

Taking b= [z 8 = fol B, we define v : R — R, v € O, setting v(t) = 5(¢)/b. Thus

/017:1.
o= 1= [~

Wehave 0 << 1,£(t)=0fort <Oand £ =1 for t > 1. Q.E.D.

Lastly, £ : R — R is defined by

The following result can be proved in a similar fashion to the previous one. For
details, see [11, p. 346].

Proposition A.1. There exists a function £ : R™ — R such that £ € C°(R™) and
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o {(x) =1 for|z| <1,
e 0< ()< forl<|x| <2,

e &(z) =0 for|z| > 2.
| ero.
BJ0;2]

The following result is useful when dealing with (co)chain complexes in Chapter 1.

Theorem A.5. Let f : M — N be a homomorphism of R-modules. If A C X C M
and B CY C N are submodules such that f(X) CY and f(A) C B, then there exists a
homomorphism of modules f*: X/A — Y /B given by f*[x] = [f(z)].

In particular,

Proof. The verification that f* is a well-defined R-module homomophism is immediate.
Q.E.D.

In § 3.4 the following results are needed.

Proposition A.2. Letb: E x E — R be an anti-symmetric bilinear form on a finite-
dimensional real vector space E. If b is non-degenerate, then n = dim FE is even.

Proof. Since b is anti-symmetric, its matrix B relative to a basis of F is anti-symmetric,
that is, B = —B? (here (-)! means the transpose matrix). Because b is non-degenerate,
the corresponding linear map f : E — E* is a linear isomorphism, and since [f],xn = B
it follows that det B # 0. Thus

1 = (det B) ' det(—B) = (=1)"(det B) "' det(B?) = (=1)"(det B) "' det(B) = (-1)",
whence must be n even.
Q.E.D.

Proposition A.3. Let b: E x E — R be a non-degenerate symmetric bilinear form on
a finite-dimensional real vector space E. If A: E — E is a linear operator such that

(A1) b(A(u), A(v)) = —b(u,v)
for u,v € E, then sig(b) = 0, that is nt =n".

Proof. Let n = dimFE, B = {e1...,e,} C E a basis such that [b]g is diagonal, BT =
{e € B;b(e,e) > 0} and B~ = {e € B; b(e,e) < 0}. First, note that if u € E is such
that A(u) = 0, then non-degeneracy and (A.1) imply w = 0. This shows that A is an
isomorphism. Thus C' = {A(e1),...,A(e,)} C E is a basis of E. Also, (A.1) tells us that
[b]¢ is a diagonal matrix. Now let Ct = {A(e); e € BT} and C~ = {A(e); e € B }.
From (A.1) we see that e € Bt = A(e) € C~ and e € B~ = A(e) € C*. Thus
Ot = C~, whence card C* = card C~. Since A is an isomorphism, it follows that B
corresponds bijectively to A* and B~ corresponds bijectively to A~. Therefore

nt =card BT = cardCT = cardC~ =card B~ =n".

Q.E.D.
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